


Logarithmic Functions: Q1, Q2, Q3, Q4, Q5, Q6
1.

Problem Set 9 — Logarithms
Progressive Questions

Concept 1

Logarithms — Progressive Questions Answers

(a) 3* =
x=2 (1)
(b) 6% =x
x = 36(1)
(c) 2 =16
16 = 2% = 2% (1)
4x =
x =1(1)
(d) = 9x
=9x (1)
x=9 (1)
(e) =
=27x—4(1)
=27x (1)
25
X=- (1)
(a) 72 =49(1)

(b) 6logg36 =9 + 3 =12 (1)
logg36 =12 ~6 = 2
6% =36 (1)

(c) log,1=0(1)
log,32 =7 x 20 =10(1)
210 =32(1)

[20 marks]

(f)

logsx (1)
3*=x (1)
x =81 (1)

(g) 5loggx® =10

loggx® =2 (1)
=x°(1)
x =42 (2)

Note: This equation has 6 answers, however only 2 and -2
are real.

(h) x =0
x? = 7logi31 + log,64 (1)
log;31 =0, log,64 =3 (1)
x2=7(0)+
x = +v3(2)

[12 marks]
(d) log327 =4 (1)

(e) 52=36 — 11 =25 (1)
logs25 =2 (1)

(f) 84+1=232%2(2)
logz9 =2 (1)
4_3

i 9—-1 = 8(2)

log,64=3 (1)



(a)

[10 marks]

Graph 1 Graph 2 Graph 3
(1) (1) (1)
(b) y (b) y
A A
x=-3
log(2x)
(0,0.477) /
<« > X < >
(~2,0 [ 0.5.0)
x=0
v v
Marking Criteria Marks Allocated
e Correct labelling of intercepts 2
e Correct labelling of asymptote 2
Total 4
(c) y
A
x=-15
(—1,0) (0,0.477)
< > x
v
Marking Criteria Marks Allocated
e Shape of line is drawn correctly 1
e X intercept correctly labelled 1
e Asymptote correctly labelled 1
Total 3



(a)

(b)

(c)

(a)

(b)

(d)

log(6) = log(3 x 2)
log(3 x2) =log3 +log2
log3+log2=q+p (1)

log% =log3 —log5 (1)
log3 —logs=q—71 (1)

log25 =1log5% (1)
log5%2 =2log5 (1)
2log5 =2r (1)

log5 +log2 =log(5 x 2)
log5 x 2 =1log10
log10 =1 (1)

log(log 10) = log(1) (1)
log(1) =0 (1)

log, 12 —log, 3 =log, %
log, > =log,4 (1)
log,4 = log,(2%) (1)

log,(22%) = 2log, 2
2log,2 =2 (1)

2log, /7 +log,(49™1)

= log,(V7 ) —log;(49) (2)
log;(7) —log,(49) =1—-2
1-2=-1 (1)

(d) log% =log1l—1log2

(1)

(e)

(f)

(1)

(1)

(1)

logl—log2=0-p

log5

log6 _ log3+log2

log5 log5s
log3+log2 _ p+q
log5 T or

(1)
(1)

(1)
(1)
(1)

(1)
(1)

[14 marks]

[12 marks]



[12 marks]

(a) y (c) y
A A
(1,5)
< —> X < > X
59)
3 )
v v
(b) y (d) y
A A
(5,0)
< —> x < > X
(1,0)
|
v v
Marking Criteria Marks Allocated
e Correct labelling of x and y axes 1
e Correct shape of line drawn 1
e Provides correct coordinate defining equation 1
Total 3
[10 marks]
(a) . (1) (1)
Looking at the graph where y = 1 (or Looking at the graph where x = 2.6, we see
log,(x) = 1), we see that x = 2 (therefore, that (orp+0.2=14). (1)
a=2). (1) Therefore,p = 1.2 (1)

Therefore, this is not a Richter Scale. (1)

(b) aP*02 —2.6 =0
aP*t02 =26

(c)

the equation as
y=—-In(-(x+1))-1:



»
»

N el mil

(-1-¢e71,0)
< > X
(=2,-1)
X =—
v
Marking Criteria Marks Allocated
e Correct asymptoteat x = —1 1

e Correct shape of line drawn 1
e Correct reflections 1
e Passes through correct points 1
Total 4
[9 marks]
1
(a) 15 = Ilog () y
15 = —Ilog(4) (1)
0=11 10°
0 =3I —1Ilog(A)
(1)
15 = -3I
I=-5 (1)
log(4) =3
A=103 (1)
(b) Answer shown in : (2)
v
Marking Criteria Marks Allocated
e Correct shape of line drawn 1
e Passes through correct points 1
Total 2




(c) Rewritey = Ilog G) = I(log(x) — log(A))

(a)

. E
1. M=7+L095(m)

iftM = 8,
8 =7+ Logs (ﬁ)
1= Logs (ﬁ)

2000

This is in the same form as Y = m(X — b).

(1)

(1)

(1)

(1)

Hence increasing A causes a
of log(A) units to the right.

(1)
Increasing I causes a of scale
factor I.
(1)
if E = 50000,
50000
M=7+ Logs(—2000 )
M =7+ Logs(25) (1)
M=7+2
M = (1)

b) M=7+ Logs(Eio)
M —7 = Logs(.-)
5M—7 — (1)

E = x 5M=7 (1)
Let E4 be the energy released by the smaller quake,
and E, be the

We are trying to calculate the ratio, T
1

E_1 = E0X56_7 (2)

=t 53 = 125 times larger (1)



Problem Set 9 — Logarithms
Repetitive Questions

Concept 1

Logarithmic Functions — Repetitive Questions Answers

Logarithmic Functions: Questions
1.11

(a) 4 =64
x=3 (1)
(b) 52 =x
x =25(1)
(c) 6%% =36
36 = 6% =6 (1)
9x =2
x=2 (1)
(d) 97 = 3x
81 =3x (1)
x=27(1)

(e) log12144 = 2
log,8 =3
2+ 6=2(3)—x(1)
8=6-—x (1)
x=-2(1)

1.11
(@) log0.1 =—-1 (1)

(b) log327=3 (1)

(c) logs64 —log,4
4—-1=3 (1)

(d) log; 3 +10g1000
=-1+3=2(1)

[20 marks]

(f) 14log,49 = 14(2) = 28
10g39X =0 (1)
30 = 9x (1)
1
x=5 (1)

(g) 6loggx? =49 —19 —28 = 2
logex? = (1)
1
6: = x2 (1)
x=+%Y6 (2)

(h)
log131 =0, log327 = 3 (1)
x3 =53x(0) —3x(3) = —9x (1)
x=0 and
two not-real solutions (2)

[20 marks]
(e) logz(log, 64) = logz(3) (1)
logz(3) =1(1)

(f)log12 = -1 (2)

(g) log, V2 —log, 16 = 0.5 — 4 (1)
log, V2 —log,16 = —3.5(1)

(h) logs 125 + log5% =3-2(1)
logs 125 +logs - = 1 (1)



1.21

1.22

131

(a)

(b)

()

1.32

(a) 62 =36 (1)

18+3
7

(b) log;27 =
33 =27(1)

20+4
8

(c) log, 64 =
43 =64 (1)

(d) log;21=0,log,32 =

25 =32 (1)

(a) logs 125 =3

(b) 72 =60 —11 = 49
log,49 =2

(c) 22=02 -1)x8 =8

log, 8 =3

log(35) = log(5 x 7)

log(5x7) =log5+1log7

log5+log7=p+q

log% =log7 —log11
log7 —logll=q—r

log 121 =log(117)
log(11%) = 2log11
2logl1l =2r

=3 (1)

=3 (1)

=5 (1)

(1)
(1)

(1)
(1)

(1)
(1)

(a) log(ijk) =logi +logj +1logk

(b)

log% = log kl — logmi

=logk+logl—logm —logi

(1)

(1)
(1)

(1)
(1)

(d)

(f)

(1) (c)

(1)

(e)

(g)

(h)

(d)

132 = 169 (1)
logs 81 =" = 2(1)

92 =81 (1)
11-3

10811 121 = T =2 (1)

112 = 121 (1)

[14 marks]

logzs1 = 0, logy3° === 3 (1)

9% = (3%)° = 3° (1)

log, 64 = 3

102 =121—-21 =100
10g10 100 =2

43 =(1+3)%x16 =64
log, 64 =3

logé =log1l —1log5
log1l —logh=0—-p (1)

logy15 =

log5
log11 -

logs 35 =

log5
- log11 (1)

=p +q (1)

log 35

(1)

log5

log35 _ log(5x7)

log5
log(5x7) _ log5+log7

- logs (1)
(1)

log5 P

log5+log7 _ptq _ 1 +2 (1)
logs P

logj” =log1
logl=0
(1) (d) logl—; =log1l —loglm

[10 marks]
(1)

(1)
(1)

(1)
(1)

[14 marks]

(1)

[12 marks]

(1)
(1)
(1)



A

=0—logl—logm (1) (f) = - (1)
(e) = + (1)

) = + —log,m (1)
= 1+log;j (1) = 1+log, L —log;,m (1)
[11 marks]
(@) +log4 = (1) (d) +logs(12571) =
log 100 = log(102) = 2 (1) l(())ggS(125 ) 2
- 5
(b) N N () logs 25 — logs 125 = logs(52) —
log,~ = log, 4 (1) logs(5%) = 2 — 3 (1)
log,4=1 (1) 2—-3=-1 (1)
(c) log( )
= log( ) = log(10)(1)
log10 =1 (1)
[16 marks]
(a) logy 32 +log, 2 = log, 64 =log,(32x2) (1) () igg?"g)zz . ) =log(log, 2'") 8;
log, (64) = log, (4%)
log,(4®) =3 (1)
. (f) log( : : |
= log (1
(b) logg 8 +loge 9 — logg 2 e _
_ lggG 6 10g662 (1) 2log( )=2log(1) =0 (1)
log,(72) —log, 2 = log (")) (1) 1y 1
log, (36) = log (62) (8) log, (81) lOg(wo)
log, (6%) = 2 (1) = logy(1) —logy(81) —log(1) —log(100) (1)
° logy () —log (o) =—2-2=4 (1)
(c) logs —log;4 +log3 8
= logz () +logs (1) (h) 2log, ( ) x 3log,(4°25)
logs () = logs 9 = log,(3%) =2 (2) = 2log, (47) x 3log, (44) (2)
1
(d) logs 25 ~ logs . = logs(5%) ~logs(5 ") (1) 2(5)%3(3) =2 (1
2-(-3)=5 (1)
[12 marks]
y
y y
(@ i x=3 (b) 7 pp—

V'}
v =

A

N
O| -
o
N————




(c)

[
»

I
|
w

(d)

»
»

A

(a) Substituting the point (1,1), 1 =log,1+b

~1=5b

Substituting the point (4,2), 2 =log, 4 +1

(0,0)

VR

A

(LO)

Marking Criteria

Marks Allocated

e Intercept identified and labelled

e Correct logarithmic shape of graph
e Asymptote identified and labelled

Total

1
1
1
3

~1=logz,4anda =4

(a)

(@) 24 =1Ilog G)
24 = —Ilog(A) (1)

102
0 :IlOg T

0 = Ilog(10?%) — Ilog(A)
0 =2I—1TIlog(A)

(1)
24 = =21
[=-12 (1)
log(4) =2
A = 102 (1)

(b) Ny =logs2+1 (1)
(1) y=054+1=15 (1)
i)y =log, 4V2 + 1 (1)
(1) y =log,22°+1=25xlog,2+1 (1)
y=25%x05+1=225 (1)
iii) 0.5 = log, x + 1 (1)
—0.5=1log,x
4705 =x=1 (2)
[7 marks]
y
(b) 4
(1,20.39)
éloz,o)i
L : » X

108 102\ 10



Marking Criteria

Marks Allocated

e Correct shape of line drawn 1
e Passes through correct points 2
Total 3

1 1
(a) 0 =TIlog; (5) (1) = o5y 1082 ()
I=00rd=1 = n@
9 =71 (8) 1 ~ In(10) log (x)
= Ilog, (3 (1) ~ 0.301 log, (¥) (1)
(1) y
9 =Ilog,(8) A
9 =3I
Hence (1)
(b) y = 3log,(x)
= Mlog,(x) + C .
M=3 (1) o
(1) (2,0.301)
(c) ¥y =3log,(x) +10 (1) i E : > X
10 21 22 22
y=3 (logz(x) + ?) | : :
y=3 (logz(x) + ) (1)
y = 3log, <%>
2 3
10
HenceA =2 3 = 0.0992 and I = 3. (2) v

(d)

Marking Criteria

Marks Allocated

e Correct labelling of x and y axes 1
e Correct shape of line drawn 1
e Provides correct coordinate defining equation 1
Total 3
4x1072
2%x10-5 75 = AlOg( )

(a) 60=2010g( P )

3 =log (2xfo—5)

0
75 = Alog(4 x 1072) — Alog(P)

P=2x10"5x103 (1)
W 10 = Alog(2)
_ 6 = Alog

(b) L = 20log(5——) A 339

L ~ 109.5dB (1) 2x1072

Since L > 85, the music will cause hearing 65 = 33.2 log( X )

65

damage. . (1) Py =2x10"2 x 1032

(c) 65 =Alog (P—) Py~ 220x107%
0
65 = Alog(2 x 1072) — Alog(Py) (1) Hence

(1)

(1)

(1)



(a) =10andn =2
=blog,(2+1)
_ 10
"~ log, 3
= (1)

(a) Distance from 1 to 3 islog(3) and distance
from1to2is (1)
Hence distance from 2 to 3 is log(3) —
log(2) =log(1.5). (1)

(b) Moving the bottom ruler units to the

, means the distance of a mark n on the

bottom ruler to the marking of 1 on the top
ruler is: (1)
(1)

This value corresponds to a multiple of 3 on
the ruler. (1)

(b) =20andn=>5
=blog,(5+1)

20
b= log, 6 (1)

20
log, 6

= and b =

20
= ou 08200 + 1) (1)

3log, 6

= log,(n+ 1)

3log, 6

n=2 2 —1(1)

~maximum of 13 options (1)

(©) 1og(x) ~ log(q) = log () @
Instead of sliding to the right, slide the
bottom ruler log(q) units to the left to

by q. (1)






Problem Set 10 — Calculus of Natural Logarithms
Progressive Questions

Concept 1
The Natural Logarithm — Progressive Questions Answers

Natural Logarithmic Functions: Q1, Q2, Q3, Q4, Q5, Q6, Q7, Q8

1. [10 marks]
@ m()=- (d)  In(e) +In(Ve)
=-1 (1) =1+ (1)
=1.5 (1)
(b)  In(e®) =
=3 (1) (e)  logi(e)

= (1)
(c) In(1) + In(4e) — In(4)

=0+ (1) =
= In(e) =-1 (1)
=1 (1)
(f) In(In(e®))
= In( ) (1)
= ln(e(l))

=1 (1)



(a) x=1In(2) = 0.693 (1)

(b) e>* =100
(1)

_ In(100)

~0.921 (1)
()  8=4e*
2=e*
x* =1n(2) (1)
v = /D
x ~ +0.833 (2)

(d) 1000e~%5%* — 500 = 0
e 5% =05
(1)

_ In(0.5) ~1.39 (1)

-0.5

(a) eln(x)+1 = ex (1)

(b) ln< 2#): 1n("e—*jf) (1)
=§(1n(x+1) In(e))

_ ln(J;+1) _9 (1)

(c) m = xlz orx? (1)

(e) Let
y2—5y+6=0
y—-2)y—-3)=0
y=2y=3
x =In(y)

x; = In(2) = 0.693
x, =In(3) = 1.10
x =0.693,1.10

(f) e *=3
In(2) x = In(3)
__In(3) -
= 1.58
(g) Let
y +y—-6=0
-2)y+3)=0
y=2,y=-3
x = In(y)

x; = In(2) = 0.693
x5, = In(—3) gives
x=0.693

(h) &+ =3

In(5) (x + 1) =In(3)

_In@B
X =)
x =~ —0.317

[21 marks]

(1)

(1)

(2)
(1)

(1)

(1)

(1)

(1)

(1)

(1)

(1)

[7 marks]

— (eln(x))

_(60_5)4ln(x)

— _ eZ In(x)

— x2 — 42
=0

(1)

(1)

(1)



(a)

(b)

(d)

(c)

X

In12 = 3x
(1)

»R

= 24e
= In(24e)
=In24+1Ine

=1ln24+1

e
x
4
x
4
x
4
x=4In24+4(1)

156e3%

(1)

e?* +1 =233
e?* =32

_1n32

(1)

er—6 =4
In(4) =2x—-6(1)
In(4)+6 — x(1)

4e?*~1 = 600
e?*~1 =150 (1)

In(150) =2x—1(1)

In(150)+1
——=

x (1)

(e) 3e**> =300
e**5 =100 (1)
In(100) = x + 5 (1)
In(100) -5 =x(1)

(e)

(f)

(g)

(h)

(b)

(d)

(f)

[10 marks]

e*+e*t1 =30-16
e*(1+el)=14
14 _ x

1+e

(1)

2e%* o (Zz)ex — (24)e2x
e*(e* +2) = e*(4e®) (1)
e* + 2 = 4e*

2 =3e*

(1)

e —e¥*—6=0
Lete* =y
y2i—y—-6=0
(1)
y=3o0ry=-2
e* = 3,e* = —2 (not possible)
e* =
x=1In3(1)

(1)
8e*t1 =17
17

1=In—
x + n8

x=InT -1 (1)
[12 marks]

e*2=3
n3)=x-2(1)
In(3) +2 =x(1)

6 =4e3* -2
8 = 4e3*¥
2 =e3*(1)
In(2) =3x(1)
Ea
4e**"2 -12=0
4e**"2 =12
et*"2 =3(1)
In(3) =4x—-2(1)
In3)+2 _ (1)




6.

(a) Use general formula with coordinate (—3,0)
0=aln(—3 +b)

(1)
e®=-3+b
b=1+3
b=4(1)

Sub in with coordinate (0, 1)
1 =aln(0 + b)(1)
1=aln4

1
a —m(l)

1
In(x + 4)

Y “na

[16 marks]

(b) Coordinates at (2, 3) and (0,2);

Vertical asymptote x = —2
b=2-y=aln(x+2)+c
(1) 2=aln(0 + 2)+c-> (1)

(2)3=aln(4) +c(1)
2)-(@1):1=aln2)—> (1)
Substituting into (1): ﬁln(Z) +c=2

_ In(2)
C_Z_ln(Z)_z_l
c=1
y = ﬁln(x+ 2)+1(1)

(c) Coordinates at (0, 2.5) and (12, 1.5); vertical
asymptote x=-4
b=4->y=aln(x+4)+c

(1)

(2)1.5 =aln(16) +c (1)

c=3.5

(1)
1

"~ In()
Substituting into (1): 2.5 = —

In(4)
In(4)

+c

y=———In(x+4)+3.5(1)

In(4)



Concept 2
Calculus of the Natural Logarithmic Function — Progressive

Questions Answers

Calculus of the Logarithmic Function: Q1, Q2, Q3, Q4, Q5, Q6, Q7, Q8

[20 marks]
1.
(a) f‘gx) =11n(x) (b) }’; 2x — 3£n(x)
w=5@ w=27:0
(c) 3/ = 4e* + lr11(4x) (d) y = In(5x — 2)
T=4e*—— (2) %:5:_2(2)
(e) y= lr;(e) +11n (—4x) (f) f(x?i = In(sin x)
Yol o= s @
(g) dy = 4x3 — ln(?}xz -2) (h) f(x) =In(x3 + 2x)
d_z = 12x% - szx_ G % _ z;c:i )
() R u f& =156
; - COSX - _tanx (2) ﬂ — 1 (2)
dx xIn(x)
[28 marks]
2.
1
(b) fx)=1In X
(@) d)J/] B 12%(2 - sz) + y =In(x Ezlx)_—%r)l(Zx —4)
— = ———+ 3x“ (2) -
dx 2x2-5x d 4x-5
d_z ~ 2x2_s5x +3x* (3)
o e o yhepe,
y=ln(x2)=3m@ @ A L)
ay_ 1 ax = w2 wez )
dx 2x
—72)3 i
I = N
=31 —2)—1 3 y = In(sinx) — In(cosx)
Y ﬂnz(xi z Ln((:)+ ) ﬂ _ cosx (_ sinx)
dx x-2 x+3 dx sinx cosx
dy _ cosx + tanx (3)

dx sinx



(g) y = loge[(x® - 2)°]
y = 5In(x® - 2)
2

(i) y = In[(x* — 4)(x + 2)]
= In(x? — 4) + In(x + 2)
dy  2x
E xZ— x+2( )

3.

(a) f(x) = x?In(2x)

dy _ x2 l + 2xIn(2x) (2)

dx
Yoyt 2xIn(x) (1)

dx

1
(c) f(x) = —ln(3x +2)
= ¢ )(W) + (~DHnGEx+2) @)
3 ln(3x+2) (1)
dx T 32122 22

f(x) =2x%In(3x + 2)
(e) dy _

3
= (2 2)(3 ) + (40)In(3x + 2) (2)
d 6x2
di 3oz T (40)In(3x +2) (1)
x—2
@ y=tn| 5]
= In(x — 2) — In(4x% — 3x) (2)
d 1 8x-3
d_i T -2 4x2-3x (2)
5x2
10xe5*" )In(x%—4x (sz 4)( 5x2 )
@ - : ) - 2 ) —(2)
x (In(x2—4x))*

(h)

(i)

(h) f(x) = In[Vx(x? — 4)]
y= 1ln(x) + ln(x2 —4)

dy_

dx

(j) f(x)=x3—ln[ "

y =x3 — (In(x® + 4x) —
ay _

dx

(b)

(d)

fx) =
dy _ (——)(Ze") (Ze")ln()

(3)

x24-

-9
In(x —9))

1
+-=(3)

x(x? + 4)]

2 3x%+4
x3+4x

[35 marks]

_ In(4x)

3x
ay _ (5B0-n@x)®)

dx (3x)2 (2)
ﬂ _ 3-3ln(4x)
dx 9x2 (1)

in (%)

dx

dy _

dx

(f) fx) =

dy _
dx
dy

(2e%)2 =(2)

“20)_2eM)in(d)
( X )482: n X (1)

In(5x2 — 3)
-3
( 10x )(x 3)—(1)In(5x2-3) 2)

(x—3)?
3 In(3x+2)

dx  3x%+42x x2 (2)

y =y 4ec Abulbt] % 3x Bx|

() gy _ (4;}6;_(53%3 @-_m; (@5 mA@i 2)

dyd 8x*—12x3 ﬁA{ZIngc)lng

4x)l 33x)2(2
dx 3x+2+(x n(3x+2)

y = (1+ x)3In(x)

2= (1+2)° (1) + B+ 0H(In()) (2)

dy _
dx

(”") +3(1 + 2)%n(x) (2)



(a)

(c)

(e)

(8)

(i)

(a)

(e)

=In(1 — 2x?)

ﬂ —4x

= (1)

dx 1-2x2

y =In(3e3* + 3)

dy  9e**
dx 3e3*+3
(1)
y=In (\/ — 4x )
42 _
dx _ (xt-ax ) 2(4;\: 8x) (1)
2(x4—4x2)2
dy  2x%-4
dx  x3—4x (1)
y = In8x* - 4x3
y =In(8x*) + In(4x3) (1)
(1)
j— 1 x3
y=m 7x
=In(x3) —In(7x) (1)
(2)

f(x) =3In(x)
f'(x) = (1)

m

I =1w

3
M

(1)
ln(x3)
= (1)

m=6

(1)

y = logg(x)
_ loge(x) ln(x) ( )
N loge(s) In(8)

( )

y' = 3(%) ln(Z)

~ 30 ln(Z)

(1)

[15 marks]

(b) y = In(x®)
y = 5Iln (x)
2t

(d) y =In (4 + 3x)*

y = 4In(4 + 3x)

(1)

(f) y=In((x* - 1) (2x + 1))

ﬂ _ 2x 2

dx ~ x2-1 t 2x+1

(1)

(h) _ (/227 — 6x)
Q V2(3x2-3) 2)
- 1
dx 2(x3-3x)2

(i) 3x3
f(x)=1In (@)

y =In(3x3) —In(3x*) (1)
(1)

[15 marks]

(b) f(x) = 4xIn(x)
ffx)=4n(x)+4 (1)
m = 41In(e) + 4
(1)

(d) y = log,(x)
_ loge(x) _In(x) ( )
" loge.(2)  In(2)

y' = xln(Z)( )

T )ln<2)
(1)



Integration of Logarithmic Functions:
Repetitive: 1.51 — 1.81 (4 questions)

6.
(a) 2 dx=3In(x)+c (1) (b)
(© [ dr=In(x*+2)+c (1) (d)
(o) J2EDE gy = [EEH) g g) (
= [(2x+8+5)ax (1)
=x2+8x+8In(x) +c (1)
@ [ dx=f(5+3)dx ) (h)

=——+In(x) +c (1)

. 2x-5
(i) fx2—5x+6

dx=In(x*—5x+6)+c (2) (i)

(a) f sin(x)

cos(x)

dx = —In(cosx) + ¢ (1)

(© =9 gy = _In(sinx) + ¢ (1)

sin(x)

(e) f sin(x)+cos(x)

sin(x)—cos(x)

dx = In(cos(x) —sin(x)) + ¢ (2)

[18 marks]
f_gdx =-2In(x) +c (1)

-8 _ 2
f7+2xdx - 4-f7+2xdx (1)

=—4In(7 + 2x) + ¢ (1)

f(1+%)2dx=f(1+%+x—12)dx (1)
=x+21n(x)—%+c (1)

1

f%dx = 2In(2vx) + ¢ (2)

dx = [ 2 dx (1)

f 2x
(x—1)(x+1) x2+1
=In(x*+1) +c (1)

[18 marks]

(b) an(x)dx =In(cosx) + ¢ (1)

cos(x)

(d) [ tan(x) dx = f:::g; dx (1)

= —In(cosx) + ¢ (1)

(f) f sin 2x dx = j-ZSin(x)cos(x) dx (1)

sin?(x) sin2(x)

_ chos(x) (1)

sin(x)

= 2In(sinx) + ¢ (1)




1-sin?(x) _ cos 2(x) 1 _
(8) fsin(x)cos x) dx = fsin(x)cos ) dx (1) (h) fxlnx dx = ln(ln(x)) tc(2)
— fcos (%) dx (1)

sin(x)

= In(sinx) + ¢ (1)

i 2 dx = [ d () f Stk d
(i) fxln(xz) = fxz In(x2) x (2) ) (2x2 4+ 3x+4)In(2x% + 3x + 4) x
=In(In(x?)) + ¢ (1) =In(2x* +3x+4) + ¢ (2)
[31 marks]
8.
2 4x+1 _ 2 2 10 8x+4 _ 10 2x+1
(@) [ 5o 0 =[n2x*+x+2]F (1) b) [ odx =4[ —dx (1)
=In@2Q)2+2+2)—InR(1)2+1+2) = 4[In(x* + x + D]3° (1)
=In(>) (1) = 4(In(10% + 10 + 1) — In(52 + 5 + 1))
=4InG)) (1)
4 12x-8 4 6x-4 7 2x3+x _ 107 ax3+2x
(c) f—é 3x2—4x+5 dx =2 f—6 3x2—4x+5 dx (1) (d) fS x*+x2+45 T 275 xt4x?45 dx (1)
= 2[In(3x* — 4x + 5)|%4 (1) =~ [In(x* + x% + 5)]Z (1)

= 2(In(3(4)2 — 4(4) + 5) — In(3(—6)% — 4(—6) + 5))

= 0@ + ()2 +5) = In((5)* + (5)% + 5))
=2In(2%) (1) ~2

137 1, 491
=5In(5) (1)
4 x242x+1 1 4 3x2+6x+3 1 45x*-24x—18x2 _ o (1 —15x*+8x+6x”
(e) fz x3+3x2+3x+1 dx = 372 ¥3413x243x+1 dx (1) (f) f—l 2+4x2-3x5+2x3 =-3 f—l 214x? 3251223 % (1)
= % [In(x® + 3x% + 3x + 1)]5 (1) = 3[In(2 + 4x% — 3x° + 2x®)]1; (1)
1 = —3(In(2+4-3+2)—In(2+4+3-2))
= §(ln((4)3 +3(4)*+34)+1)—-In((2)*+3(2)*+3(2) + 1) -3 ()
5
R
T3 In 27 )
5
=n(3) ()
d
/3 __ (m™/3-sinx 5 1 _ 5(nx)
(e) Japs tanxdx = — [F° =2 dx (1) (h) [y oodx = [ ——dx (1)
= —[In(cos x)]zz (1) = [In(Inx)]3 (1)

=In(In5) — In(In 3)
In5
= In(;)

= In(log; 5) (1)

= —(In (cos?) — In(cos )
= ln(\/?g) - ln(%)
-2



. Vve? 1 _1pVef2x, 1
(I) f\/E xIn(x2) dx_Ef\/E x_z(ln(xz)) (1)

_ 1 (e (nG)

T 2/e  In(x?)

1 2y1Ve?
In(n )] (1)
(In(Ine®) —In(Ine))

1 elne
)

= =In(

2

1
2

Ine

1
5 (1)

(a) f'(x) =1In(x)
f(x)=xIn(x) —x+c (1)
=1In(1))—-1+c¢
~c=2(1)
~f(x) =xIn(x) —x+2(1)

(c) f'(x) = In(x?)
f(x) =xIn(x?) — 2x + ¢ (1)
= ( )In( 2) —2( )+¢
~c=4(1)
~f(x) =xIn(x?) —2x +4 (1)

(€) 1@ = 3_x = 1_5
2x% x
f(x) =1.5In(x) + c (1)
=1.5In( )+c
~c=-3(1)
s~ f(x) =1.5In(x) —3(1)

(m) fn/3 sin (x)(cosz(%x)—l)2

/4 cos(x)(1—cos? x) dx

5 2
= f;tﬁwdx (2 cos?(x) — 1 = cos 2x) (1)

/4 cos(x) sinZ(x)

_ fn/3 cosx
~ Jm/4 sinx

x (1)

= [In(sin )73 (1)

=In (sing) — ln(sin%}
=) - %)
“n(9)

[15 marks]

(b) f'(x) = In(4x)
f(x) =xIn(x)+2xIn(2) —x+ c(1)
=1In(1)+2()In(2)—-1+¢c
~c=6(1)
“f(x)=xIn(x)+2xIn(2) —x + 6 (1)

(d) 1y — 2
e =—
f(x) = =2In(x) + ¢ (1)
= —2In( )+c
~c=-1(1)
“f(x)=-2In(x) —1(2)



10.

(a) Separate the functions:

f 12x+21
2x24+7x+12

dx +f%dx (1)

Modify both functions into the form

— f 4x+7

7 1
2x2+7x+12 dx + Ef;dx (1)

Integrate using the rule:

= 31In|2x% + 7x + 12 +§1n|x| +c(1)

Simplify using the and
rule:

7
=1n|2x% + 7x + 12|23 + In|x|z + c (1)
7
= In|2x% + 7x + 123 x|z + ¢ (1)

(c) Justify using the rule: (2)
1 ! = —In27
n-=—In

~ John won the competition.

Or justify with: (2)

letlnﬁ=n

1
- 27
ll1
-2—7<€

~n<o0

en

John won the competition.

[15 marks]

(b) Modify both functions into the form
(1)

f—z 2x+5
—4 x2+5x+7

2 [7 2" dx multiply by 2

x2—4x+5 L
and -
2

dx unchanged

Integrate using the

rule:
= [In|x? +5x + 7|1 72 — 2[In|x? — 4x +

511,757 (1)
= (In|1| = In|3]) — 2(In|3| —In|9]) (1)
= (=In|3)) = 2(—~1In3) = In|1] = 0 (1)
Simplify using the and

rule:



General Application of Logarithmic Functions:

Repetitive: 1.51 — 1.81 (4 questions)

11.
(a) T = 24¢%06¢
When t=0,
T = 24006
T =24
T = 24°C (1)

(C) T = 2460'06t
When T=200,
200 = 24906t

200

_ ,0.06t

—=e
24
Take the natural log of both sides,
2000 _ 0.06
In (g) = ln(e t) (1)
Using log exponent law,

200
In (5) =0.06tIn(e7 ' (1)
200
1“( 24 )
0.06
~ t=35.34seconds (1)

t=

12.
(a) A= Aoe_O'OSt

A= e 005 (2)
A=5.49 (1)

[25 marks]

(b) T = 24¢006
When t=1,
T = 24€%%¢
T =24 (1)
T = 25.48°C (1)

(d) No, they will be 0.66 seconds short (1)

(e) T = 2407t
When T=350,

350 = 24007t
350

24
Take the natural log of both sides,

In (%) =In(e%7") (1)

Using log exponent law,

— 007t

In (%) —0.07tIn(eY ' (1)
)
0.07

~t=38.28 seconds

Since they make it to space, this material is a

better choice. (1)

[25 marks]

(b)
Tray 1:
A;=5.49-1=4.49
2 minutes pass, then tray 2:

A, = e 005(2) _1q
A, =3.06

2 minutes pass, then tray 3:

Az = e 0052 —q
A3 =1.77

2 minutes pass, then tray 4:

Ay = e 0052 —1 (1)

Ay =0.60

=~ After 4 trays, 0.60 trays will be left (1)



(c) A= Ape 005t
WhenA4,=0.60& A4 =0.1,
0.1 = (0.60)e%95¢ (1)
0.166 = e~ 005t
Take the natural log of both sides,
In(0.166) = In(e~%95%) (1)
Using log exponent law,
In(0.166) = —0.05tIn(e) (1)
_ In(0.166)

-0.05
~ t = 35.88 minutes (1)

13.

(@) 7r, =05In(t+e)+ 164
165 = 0.51In(t + e) + 164 (1)
~t=e’—e
= 4.671 minutes (1)

(d) A= Aye 005t
A should be - of 4,

%: e=005t (1)

Take the natural log of both sides,
In G) =In(e %) (1)
Using log exponent law,

1
In (5) = —0.05tIn(e) (1)

1
_In(3)
-0.05
~ t =13.86 minutes (1)

(b) rn=n

05In(t +e) + 164 = 0.25In(t + e) + 164.75 (1)

st=e3—e
= 17.37 minutes (1)
r=05In((e® —e) +e) + 164
= 165.5mm (1)



[12 marks]

14.
b b
(@ A= [ treax (b) A= oo
A= >3 dx (1) a=? (‘“‘ 4)d (1)
= [3In(x)]3 473
A= (3 In(3) — 3In(1))(1) A= [4 In(x) + ;]
A = 3.30 units? (1) A= (ln(3) + g) _ (ln( )+ 3) (2)
A = 0.96 units? (1)
b b

() A= f F (0)]dx (d) A= f [f (0)]dx

A= "7 ) A= [*(In(2x))dx (1)

8ln(x) 17° A=[x'In(x) +x-In(2) — x]3
=[ = ;] A=(3-In(3)+3-In(2) - 3) —
_ ((8In(5) 8in(1) (1-In(1)+1-In(1) — 1) (1)
A= <( 7 T 5) ( 7 )>(1) A = 2.68 units? (1)
A = 1.04 units? (1)
[25 marks]
15.
b b
(a) A= f () — g(x)]dx (b) A= j [F(x) — g()]dx
A=["%In(x?) - dx (1) A= [**5Inx) +3) - dx (1)
5 .
A= [x . ln(xZ) —2x— ] (1) A= [_x InGx) + 4x — ]4 25 W
A=((2.36)-In((2.36)%) — 2(2.36) — (2.36)* — (425-3)2
3(2.36)) — ( A=(—(4.25)-In(4.25) + 4(4.25) - S22 ) -

) (1)

— its?
A = —11 units A = 3.71 units? (1)
|A| = 11 units? (1)

"II

) ()

b c
(e A= [ g - roar+ [ r@ - goax
= [*%* (In(x + 3)) - dx + [1*°(In(x + 3)) - dx (1)

Lt o3 034
A= (ln(x+3)-(x+3)—x—3)—(T—?+2x2>]

126

= [(Z-Z+2x?) -G +3)- @ +3) -x-3) |

A = [(m((o. 34)+3)-(0.34+3)—0.34—3) - (

——=—+2(0.34)
(In((~2.49 +3) - (~2.49 +3) + 2.49 - 3) — (= ?)] ()
— (—1.26 1.26

4——+2(126))—(ln(( +3)-(1.26 +3) + -

0.34* _ﬁ+2(0 34)2 )—(1n(( +3)( +3)+ —-3)) (1)

A=A, =9.26 +
A =9.70 units? (1)

0.34* 0.343 )

3 - (5



(d) =f(x)
=In(x +4)
~a= —144, b=1.17(1)

b
A=j[mm— Jdx

A= " (=x2 4+ 3) — (In(x + 4))dx (1)
A= [—%3+ 3x—(In(x+4)-(x+4) —x— 4)]1'17 (1)

= <—(“3—7)3+ 3(1.17) = (In(1.17 + 4) - (1.17 + 4) — 1.17 — 4)> -

(-2 13 1.44) — (In(- 144 +4) - (- 144+ 4) ~9) (1)

A = 2.82 units? (1)




Concept 1
Natural Logarithms — Repetitive Questions Answers

Natural Logarithms : Questions
[15 marks]
1.11
2e
(a) Ine® =3lne (b) In(2e) —In(2) = In (7) (1)
=3 (1) = In(e) =1(1)
In(e?) + In(ve) d 2\ - _
@ _ 2In(1) + 0.5 In(e) (1) (@) In (e) = —2In(e) (1)
=2.5(1) =-2(1)
(e) In(6e) — In(1) () et _
=61In(e) —0(1) In (?) = In(e*) (1)
=6 (1) 2Iln(e) = 2 (1)
(g) In(e®) — In(e?) (h) 4
° = 51In(e) — 2In(e) (1) In (;) -5 ln(\/z)
=5-2=3(1) —41n(e) — 5(0.5) In(e) (1)
=—-6.5(1)
[12 marks]
1.21
(a) e ™ =12 (b) e®* =15
In12 = —4x (1) In15 = 6x (1)
x=-0.62 (1) x =0.45 (1)
(c) 6e:x =18 (d) 2¢~9% = ¢
e’ =3 e 9% =3
In3 =7x(1)
_ In3 =-9x (1)
x=0.16(1) x=-0.12 (1)
(e) 100e*” = 500 (f) 4e** =16
e’ =5 e = 4
In5 = x2(1) In4 =x?(1)
1.61 = x? 1.39 = x2
x=1.18(1)

x=1.27 (1)



(a) 31In(e™)
= —3xIn(e) (1)
= —3x(1)
() In ex2+2x+1

=(x?+2x+1)Ine(1)
=x2+2x+1(1)

(a) e®* =18
In18 = 6x
(1)
(b) e?* =3¢
er—l =3
(1)
_ In(3)+1
=== (1)
(c) 4e3% = 2%
4e3x—2x =2
(1)
_ 2
x=" (1)
(d) 5e3% = 3e¥
5e3** =3
(1)
_m®
X =" (1)
(a) e3* =12
In12 = 3x

(1)

(b)

(d)

(e)

(e)

(8)

(h)

(d)

[8 marks]

4x1n(e?*) + 41n(e*)
= 4x - 2x - In(e) + 4x In(e) (1)
= 8x2(1) + 4x(1)
=8x% +4x(1)

6log, e * + In(e**?)
=—6In(e) + (4x —9) Ine

= —6x+4x—9(1)
=—-2x—9(1)
[13 marks]

e?* —3e* +15e* =0
e*—3+15e*=0(1)

x=ln(%)(1)

—5e?* +e3X¥ 4 8e3* =0
e*—5+8e*=0/(1)

5
x—ln(;)(l)
X
ez €=9
ex—(3x+2) =94¢
e 2=9+e¢
—2x+2=In(9+e) (1)

(1)

Ze3x
W— e=14
eSx—(8x+4-) =144+e
e >4 =14 +e
—5x+4=In(14+¢) (1)

(1)

[12 marks]

e =16
In(16) = x? (1)

x =,/In(16) (1)



x% _
(b) edx+3 _ g (e) 4e* =12

In(9) = 4x +3 e =3(1)
(1)

x=2020 x =/In(3) (1)
(c) 5e** =30 () 9x05 — 18 = 0

e’ =6 " 9x05 = 18

1 05

e*" =2(1)

x=22 ) (1)

x = (In(2))* (1)

[15 marks]

(a) Vertical asymptote at x = 0, therefore b = 0.  (b) Vertical asymptote at x = 3, therefore b = —3.

¢ = 0, as not stated in general formula. Use general formula with coordinate ( ,0)
Use general formula with coordinate ( ,2) 0=aln( —-3)+c
y=aln(x + b) (1)
2 =aln( +0) (1) Sub in with coordinate ( , 1)
(1) 1=aln(7.38 —3) —( )(1)
~y=3In(x) (1) ~a=2(1)

y=2In(x—-3)—-2(1)

(c) Vertical asymptote at x = —2, therefore b = 2. (d) Vertical asymptote at x = —4, therefore b = 4.

Use general formula with coordinate (0,1.77) Use general formula with coordinate (0, 2. 69)
1.77=aln(0+2) +¢ 2.69=aln(0+4)+c
(1) (2)
Sub in with coordinate (1, 3.39) Sub in with coordinate (2,2.90)
3.39 =aln(3) — ( )(1) 2.90 = aln( )—(
~a=14(1) (1)
~a=0.5(1)

y=4In(x+2)—-1(1)
y=0.5In(x+4)+2(1)



Concept 2
Calculus of Natural Logarithms — Repetitive Questions
Answers

Differentiation of the Logarithmic Function:
Repetitive: 2.1 — 2.5 (5 questions)

2.1
@ , Y= In(x®) i (b) y =1In(2x3 + 1)
dy _ (1 4y -3 dy _ _1 2
dx (5x X 5x ) T x (1) dx ~ 2x3+1 >2< 6x (1)
dy  6x
dx 2x3+1( )

Or using substitution:
Or using substitution:

fG)=n@w-4, fx)=
g =25 g =5xt FO) =@, f)=1
g(x) = 2x3 + 1, g'(x) = 6x?

x5 '
5x4- I __ 1 . 2
=— Y = 6x7(1)
Sx _ 6x2 ( )
=2 (1) T 2x3+1
In(1 — x2
(c) ﬂ(_ 1 )X 2x (1 (d) y =In(x*+x)
dx ~ 1-x2 x(1) y__1 x(3x2+1)(1)
dy _ 2x (1) dx  x3+x
&= T S ()
dx ~ x3+x
(e) 31 = 1n(i’;x2 —4x) (f) y = In(x3) — 2x°
b 8- (hxax) - 10xt
dy _ 6x—4 dy _3
dx 3x2—4x(1) dx  x 10x* ()
2.2
(@) y=In(x*—2x)—4x3 d 6x*
ay . (1 ; 2 “ f@ =32
£ ) e 2
dy 4x3-2 S = hll(zx )
— 2 1
o 1 F0) = g 4x (1)
)
(b) 253 dx ~ 2x2 x(
y = In ?
J = In2x (1) (e) y = log,(x? — 3)3 ,
dy 1 y_ 1« 6x(x* —3)" (2)
— =5 x 2 (1) dx  (x2-3)3
ﬂ_i—l ﬂ_ﬁx(xz—z)z
= =.(1) dx ~ (x2-3)3 (1)

dx 2x



(c) y =In(3vx)

1
y =In|(3x2
dy 1( ) 0.5
bt o0
(1)
(a) f(x) =3x%In(4x — 2)

f'(x) = 3x2 ﬁ + 6xin(4x — 2) (2)
£ =25 4 exin(4x - 2) (1)

(c) 2x3
T =G
In(x2)(6x%)—(2x3 2—;
R

6x2In(x?)—4x2

[f[(x)= W(l)

= In(4x?) In(8x3)

(©) &= (in(ax 2)) (5) - (35)m(ex") @
dy _ 21In(x3)+3In(x?)+12 In(2) (1)
dx x

(a) ln(4x —x3)
f' (x) = =X 4 — 3x2 (1)
4-3x2
f( )— s (1)
(c) ln(ezx + 2x)
o - (2e%* +2) (1)

dx e2x+2x
dy 2e2%42
(1)

dx ~ e2*4+2x

In x4

(e) flx) =

=4 Exf)ﬁ('“(x V)

) fO)= ln((xz)(x4 +4))
f(x) =In(x® + 4x) (1)

% (’m4 ) x (6x + 4) (1)
(1)

(b) f(x) = In(3x) In(2x)
f'@) = (InG30) (37) + (5;) m22) @)

2 In(x)+In(3)+In (2) 1

f@) = . (1)

In 6x*

3x2 24 —(6x)In(6x*

6x4

f'(x) = (3%2)2

6x% —4x +2
(f) y=—1 =
In(7x)
dy _ (7)) (12x-) (% )(6x24x+2)
dx (In(7x))2 (3)

) y=6In (x—5>
%3
y = 6Inx?
=6 2x(1)
A
= In((3x3) - 4x + 3x))

(d)
1n(3x3) (7)+ 5+ (7x) (2)

f(x) =In(vx +2)
f@) =550 0% ()
0.5x~ %

fe) =22 )




(a) fx) = 3111(396)
ff)=5-=-1(1)

il

m=o
(1)
(c) y= 1og36(3x3)
=~ (1)
m=—
@
(1)
(e) y = loge(x?)

_ loge(xz) _ ln(xz)
" loge(6)  In(6) (1)
2
y ~ x(In(3)+In(2)) (1)
2
M= 5@ +n@)
(1)

4
@ fo =2 ax
f(x) = 4In(x) + ¢ (1)

(c) f(x) —f dx
fO)=2f 5= dx()
f(x)=2In(x*+6)+c (1)

2+6

6x — 4
© f00 = [ gt
fG) =5 2"dx (1)
fr) = 26228 4 g

(b) fx) = ln(x +2)
f)=os @)
2(4)
NOEY
(1)
(d) y = log,(x)

loge(x) ln(x)( 1)
T log.(2)  In(2)

y' = xln(Z)( )
1

m= O
(1)

(f) Y= 10g4(2f3)
log.(2 1
y = og(x): n(Zx)(l)

log.(4) In(4)

( )

y _Z(x)ln(Z)
™=20 )ln(Z)
(1)

b 7
A N

f(x) =—=7In(x) + c (1)

16x
(d) fx) = f42—+5d
flx) = 2f4 2+de (1)

f(x) = 2In(4x? +5) + ¢ (1)

4x + 1
X f) = _[8x)26+4xd
fG) =1 [ 2= dx (1)
ln(Bx +4x)

f(x) = +c (1)



(a) 6x%2 —1
f(x)=f6x3—3x dx
@) =3 (n(6x> — 3x)) (1)
f( )_ ln(6x 3x)+c (1)
( fo = [ 2 ax

f(x)=6/[e*dx (1)
f(x) =61In(e*)+c=6x(1)

(e) f(x) = f tan(x) + 2 dx
f@) = [ o3 +2dx (1)

f(x) =—-In(x) + 2x +c(1)

2e? 2x

(a) fe —dx = [Inx 12¢ (1)
= 1n((2€2) ) —In((2€)?)

. 2e?

= n(z—e)

=2lne

(1)

6x+5

(© Ji =2 dx = [In(3x* + 52 — 3)]] (1)

(1)

(e) f4 12x—8 dx = Zf 6x—4 dx (1)

—63x2—4x+5 6 3x2 4x+5

= 2[In(3x2 — 4x + 5)]%4 (1)

(1)

() [ dx =[x ()

x3+3x2 372 x3+43x2
=[G + 3x)]% (1)
= %(111(43 +3(4%9) —In(2% + 3(22)))
(1)

(b) 24 + 18x?
F0) = [ g

8 + 6x2
f <x)=3f B2
f(x) = 3In(8x + 2x3) + ¢ (1)

X _ 2
(d) flx) = fudx

4e¥ — x3
f(x) = In(4e* — x3) + ¢ (2)

(f) _ [ —cos(x) +12x
fea = ,f 6x2 — sin(x) dx
f(x) = In(6x? — sin(x)) + ¢ (2)

(b) flz 4x+1 dx

2x2+x+2

= [In2x? + x + 2]% (1)

(1)
10 8x+4 10 2x+1
(d) 5 e % = 4Ly i dx @)
(1)
8 24x+9 8 8x+3
(f) fz 4x2+3x—2 dx = 3f2 4x2%2+43x-2 dx (1)

= 3[In(4x2 + 3x — 2)]3 (1)

(1)

7 2x3+x 1 7 4x3+2x
(b) 5 x4+x2+5 X = 2J5 x41x24s dx (1)

=3 [1n(x4 +x%+5)]Z (1)

= %(ln((7)4 + (7)? +5) = In((5)* + (5)? + 5))
(1)



1 45x*-24x
(c) J

12+4xi—3x5

1 15x*-8x
| dx (1)
—12+4x2-3x

= 3[In(2 + 4x% — 321, (1)
=3(In(2+4—-3)—In(2+4+3))

(1)

fz 4x3-16x2
1 6x2-16x

2 4x3-16x2
- 2fl 12x2—32xdx (1)

= 2[In(12x% — 32x)]% (1)
= 2(In48) —In(32))

= 2In (‘3‘—2) (1)

(e)

(a) fl(x) = >
X
f(x) =5In(x) +c(1)
=5In(2)+c
~c=2(1)
~f(x)=5In(x) +2(1)

(c) , 3x%2+3
fl = x3 + 3x
f(x) =In(x® 4+ 3x) +c(1)
=In(13+3(1)) +c

~c=14(1)
“ f(x) =In(x® +3x) + 4 (1)
(e) o 12+12x?
Fo = 2o

f(x) = 21In(6x + 2x3) + (1)

=2In(6(4) +2(4)3) +c
~c=-3(1)

~ f(x) = 2In(6x + 2x3) — 3 (1)

f1 6x3—4x? _ lfl 12x3—-8x2
(d) J-1 369{2—16x X =2 ) 1362 -16x
= E[ln(36x2 —16x)]%, (1)

=~ (In(36 — 16) —In(36 + 16))
=~ (In(20) — In(52))

(2)
5 1 5a-(Inx)
(f) f3 xlnxdx = f3 xlnx dx (1)

= [In(Inx)]3 (1)

=In(In5) —In(In 3)
In5

= In(d)

In3

(1)

(b) fo -8

x
f(x) = —81In(x) + c (1)
= —8In(1) + ¢
~c=3(1)
s~ f(x) =—-8In(x) +3(1)

(d) , _ 4x-3
f(x)_élzxz—6x
) === e (1)
2 _
_In(4( )2 6( ))+C
~c=9(1)

In(4x2-6x)

o f(x) =— * 9(2)




(a) Separate the functions:
12x+24 3
f dx + f;dx (1)

3x2+12x
Modify both functions into the form

6x+12 1,9 3, 42x-9 32x
- 2f3x2+12x dx+§f§dx (1) =Ef14x2—6x _4f_d (1)
Integrate using the rule: Integrate using the rule:
= 31n|3x2 + 12x| +3In|9x| + ¢ (1) = 2In|14x2 — 6x| — 4In|8x?| + ¢ (1)
Simplify into one function: Simplify into one function:
1 3
=1In|3x% + 12x|3 + In|9x|3 + c (1) = In|14x? — 6x|z — In|8x2|* + c (1)
1 3
=1n|3x? + 12x|3 - In|9x|5 + ¢ (1) In|14x%-6x|?
= “heezp T
(c) Separate the functions: )
. o (d) Separate the functions:
xe —oX
Sdx + —dx 1 54x2-84 1
e [ [ o dx = [F2dx ()
Modify both functions into the form Modify both functions into the form
_ L axe” “-ox ox~ 18x2—14x
f4ex2 ~dx +2f dx(l) ZBIW __J‘ ~dx (1)
Integrate using the rule: Integrate using the rule:
1
= Eln|4e"2 — 8x?| + 21In[x3| + ¢ (1) = 31n(6x3 — 14x?) —%ln|8x2| +c(1)
Simplify into one function: Simplify into one function:
1 _ 3 _ 213 _ 210.5
=ln|4ex2 —8x2|2+11’1|x3|2+c (1) —ln|6x 14‘x | 1n|8x | +C (1)
1 _ ln|6x3—14xz|3 +c(1)
= In|4e** — 8x2|2 - In|x3|2 + ¢ (1) © In|gx2|05
(a) v(t) = ln(2t2 + 4t) (b) 6 = ln(th + 4)
v(t) =In(2(3)2 + 4) (1)
(1)
(@ v =al®) =55+c() W) jvdt:s_”_ii_
- t2+2 2t2 + 4
2t _ 4
a(t) = oy 2.67 = 2(1)2_‘&;— c(1)
_ 2@
a(t) 4242 (1) 4t
(1) =221at?
C)) +2
2032+ 4

(b) Separate the functions:
f 42x-9 f 32x dx(l)

14x2—6x
Modify both functions into the form

(1)



(a) v(t) = In(2t?) + 4t
v'(£) === (1) (b) v'(t) = 22
v'(6) = 22 (1) v'(8) = 221
(1) (1)

4( )+2

(c) v(6) =In(2(6)* + 4(6))
v(6) = 4.56 (1)

v(8) = In(2(8)* + 4(8))
v(6) = 5.08 (1)
_ h(t) — h(t)

At
Average Rate = _
= (1)
(@)  hi(®) =In(t+521) (b) hyi(t) = hy(6)
2.23 = ln(t +5.21) (1) In(t +5.21) = In(t?) + 3 (1)
st = (1) =
Ignore the negative solution
st = (1)
h1(0.535) = In(0.535 + 5.21)
= (1)
b b
(a) A= j [f (x)]dx (b) A= f [f(x)]dx
a=[1"2 pedx () A= (2% 4 3)ax )
=[-61In(x) + 6x]* =[-2 ln(x) +3x]3
A= ((—6 In(4) + 6(4)) —(—6In(1))+6(1))H(1) A=(-2 ln(3) +3(3)) — (—21In(2) + 3(2)) (1)
A =9.69 units? (1) A = 2.19 units? (1)
b b
(©) A= f [f ()] dx (d) A= j [f(O)ldx
A= [72% dx (1) A= () ax )
=[4In(x)]3 In(7x%)
A=(GmGD—Hm(Dﬂ) A=[ 7 ]

A = 6.44 units? (1)

A= (ln(7(3)3)) (ln(7( )3)) (1)

7
A = 0.59 units? (1)



2.15

b
(@) f [f(x) — g(x)]dx " b
ol foz.'z746 (— E) - (Bx—9)dx (1) A= fa [g(x) — f(x)]dx
w7 A= ffboss —5(x—2)>+6— (2x+2 ) dx (1)

A= [—2 In(x) —£+9 ]02 (1)
A=(-2In(2.76) - 3. 76) +9(2.76)) —
(—2 In(0.24) — 3(024) +9(0. 24))(1)

4= 645 units ) 14(1.03) + %)) - <1n((3. 05)% +2(3.05)) — (2C 4

' 0
xZ —14x + % —In(x?% + Zx)]m3 (1

A= (ln((1.05)2 +2(1.03)) - (%"3)3 +10(1.03) —

10(3.05)% — 14(3.05) + )) (1)

A = 7.07 units? (1)

b
(© a=[ 1900 - rn
A= [T (Z+5) -5 - 2dx ()
407
[——Zx—( 6In(x) + Sx)]
= (~61n(0.89) + 5(0.89) — w —2(0. 89))

(—61n(4.07) +5(4.07) — (‘“’7) —2(4. 07))(1)
A = 5.73 units? (1)

b c
(d) A= [ @ - g0l + fb [9(x) — F)ldx
A= [l (x =33 -2 —12) = ([ + 6)dx + [0 (L5 +6) = ((x = 3)% — 2% —12) dx (1)
(x—3)* x3 2.59
A = [( 2 -3 + 12x) — (—2In(x))
1.14

6.16

4, = [(=2mmGo) - (L -2 4 12x)]2_59(1)

(1.14-3)* 1143

4 = [((M ~ 252 412(2.59)) - (-2In(2. 59))) - <(T ~ R b 120114)) -

4

(=21In(1. 14)))] (1)

A, = ((—2 In(6.16)) — (L1822 _ 838 4 15(. 16))> - ((—2 In(2.59)) - (L2220 - 222

12(2. 59))) (1)

A=A, + A, =—3274+ (—120.20)
A = —152.94 units?
|A| = 152.94 units? (1)






Problem Set 11 — Continuous Random Variables
Progressive Questions

Concept 1
Continuous Random Variables — Progressive Questions Answers

Continuous Random Variables: Q1, Q2, Q3, Q4, Q5, Q6, Q7, Q8

1. [9 marks]

(a) Continuous (1) (f) (2)

(b) (1) (g) Continuous (1)

(c) Continuous (1) (h) Continuous (1)

(d) Continuous (1) (i) (1)

(e) (1)
2. [12 marks]
(a) (b)

(i)E(X) _ 4-155+7-165+12 -175+4 -185+ 3 - 195 (i) P(X >12) = P(10 < X < 15)'§+P(X>
44+7+12+4+3 5
5200 15) (1)
= w _ 7 3 4+42+1
=173.33 cm (1) 28 5 ) 28
=2 (1)
Var(X) = E(X?) — [E(X)]?
. 2 . 2 . 2 . 2 . 2
E(x?) = 2 2 T () (i) PX < 15) = = =0.75,P(X < 20) =22 = 0.89
~15<k<20(1)
90515 P(X<15)+P(15<X<k)=10.38
-7 3 P(15 <X < k) =0.05(1)
90515 (52002 k—15 4
s Var(x) =22 - (?) =127.22 (1) . BLE

~ k = 16.75 minutes (1)

(iii) 80% of alpacas run a time of less than k.

(c)
2-155414-165+20-175+ 10185+ 4-195

2+14+20+10+4
=175cm (1)

(i) E(X) =

Var(X) = E(X?) — [E(X)]?
2:155%2+14-165%+20-1752+10-185%2+4-1952

2y _
EX®) = 2414+20+10+4

(1)

= 30721
~Var(X) = 30721 —175% = 96
~ 0(X) =96 = 9.80 cm (1)
1



(c)

(i)

P(

(i) P(E(X)— 6 <X <E(X)+0)=P(165.20 < X < 184.80)

= P(165.20 < X < 170) + P(170 < X < 180) + P(180 < X < 184.80) (1)

— 170—11065.20 . % % 184-.8100—180 . g (1)
= 0.6304 (1)
[10 marks]
71
k( )= (b) o 71 ) 7: f557dx
k< Js7dx=5-7
k=7 =21)
<6)=P( <6) (d) P(X =4)=0(1)
61
L 7 =777
P=2(1) () Var(X) = [ FEOEMX) - x)?dx

EX) = [ xf(x)dx

=2 ()
-1 =1
=9
b=13(1)
w=13-6
=7 (1)

-["G) G-

_ 49
T 12
49
O'=VV(1 = ’E

7
=2_v§(1)

(h) E(Z) = f " L (@dx

[ o)

17
=- (1)
Or

E@) ==~

1
=~ (1)

Var(Z) = foof(z)(E(Z) —2)%dz
135

=f dz
4

27
= (1)
Or
Var(Z) =
_ (13 —-4)?

’7 12
= (1)




5.

(a)

For binomial distribution, the max point is the

mean E(x).
E(x) =n X (1)
=8 X
=2 (1)

(c)
For normal distribution, the max point is the mean
E(x).
95% is two standard deviations either side of mean

(total of four) (2)
_11.2-38
0=
= (2)
E(x) =
Or
—7.5 (1)
(a)
F(x) = [, 0.5xdx (2)
= [O.ZSXZ]O
= —0
= 0.25x? (1)
(1)
(b) F(x)= [, —2x +2dx (1)
= [—x2 + 2x];
= —0
=x%+2x (1)
I

A
A J

[8 marksl
(b)
For normal distribution, the max point is the
mean E(x).
68% is one standard deviation either side of

mean (total of two) (1)
5-2
o= —
= (1)
E(x) =
Or
=3.5 (1)
[16 marks]
() Fort<x<2
F(x) = fl 0.125dx
= Ih
=0.125x - 0.125 (1)
For2 <x<3
F(x) = [, 0.25dx + [ 0.125dx
= |3 + 0.125
= —0.5+0.125
=0.25x—-0.375 (1)
For3 <x<4

F(x) = [, 0.5dx + [, 0.25dx + [ 0.125 dx
= [0.5x]5 +0.25 + 0.125

= —1.5+0.375
=0.5x—1.125 (1)
For4 <x<5
4 3
F(x) =f O.125dx+f 0.5dx+f 0.25dx
4 3 2

+ /7 0.125dx

Ji + 0.5 4 0.25 + 0.125
= — 0.5+ 0.875
=0.125x + 0.375

=

(1)



() 0.125x — 0125, 1<x<2
F(x) = 0.25x — 0.375, 2<x<3
~ )] 0.5x —1.125, 3<x<4
0.125x + 0.375, 4<x<5
A
1
0.875 , E
0.5 i p ()
0425 i Lo .
v 1 2 3 4 s

(d)

Forl1<x<2
F(x) =f 0.5x — 0.5dx
1

=[ ]1
=0.25x%* - 0.5x + 0.25 (1)

For2<x<3

2
F(x)=f 0.5dx+f 0.5x — 0.5dx
2 1

= —1+0.25
=0.5x—-0.75 (1)

For3<x<4

3
F(x)=f —0.5x+2dx+f 0.5dx
3 2

2
+ f 0.5x — 0.5dx
1

= 15+ 0.5+ 0.25
= —3.75+4+0.75
=0.25x2+2x -3 (1)

0.25x%> —0.5x+0.25, 1<x<?2

F(x) =< 0.5x — 0.75, 2<x<3

0.25x2 + 2x — 3, 3<x<4
A
1

0.75 i

025 L

) 1 2 3 b

A J




2+4

(a) E[X] =Z%=3(1)

o= /ﬂ = 0.577 (2)
12

Var[X] = 0% = %(1)

(c) E[X] = [, x(3x® + 0.25)dx = 0.725 (1)

o= \/fol(x —0.725)%(3x> + 0.25) =

0.240 2)
Var[X] = 6% = 0.0577 (1)
@ Ex=
=6(1)

Var(X) = [* f)(EX) — x)? dx

- f: (%) (6 — x)2dx

=3(1)
o =+Var =3(1)

(€ EX) =

157
== 1)

" *7 711
E(X ) =] deﬁ'f (gx—i)dx
4

3

Var(x) = E(X*) — [E(X)]?

2489 [157\°
9% 32

s

~ 3072 (1)

o=+Var = ﬂ(1)

3072

[16 marks]
(b)  EXI=—=2=3(1)

o= /ﬂ — 115 (2)
12

Var[X] = 0% = g(l)

(d) E[X]=3 (2)
Var[X] = E[X?] — E[X]? = E[X?]

3 /y2_1 5 /5 _ 42
:flx< 2 )dx+f3x< 2 >dx
=20 )
Var[X] = 02 = 0 = 4.47 (1)

[16 marks]
b) Ex) =

1
= (1)

Var(X) = fol 3(x —1)? G — x)z dx
3
=25

o=+Var = \/g(l)

5

(d) E(X)=f x(i—i)dx+f9x<i—i>dx
. 16 16 . 16 16
=5(1)
> ox 1 o 9 x
E(X?) =J1 (E—E)dx+j5 <E_E>dx
=2
Var(X) =
=)

oc=+Var = \E(l)



(a)

(c) My =pux+2

5
fk-x(S—x)-dx=1
k- f5(5x—x2) dx—l(l)

[x——x] —1

[10 marks]

(®) Var(X) = E(X?) — (E(X))”

1
E(X?) =f x?(4x3)-dx (1)

1
=f 4x° - dx

-2 @

(d) uy =3ux +2

(1)

[14 marks]

b 6x(5-x)
e

J(Sx—xz) dx

1
x3]

:E'[zx 1
= |G5*—55°) - ( )|
(1)

=E(1)



2
(0 o D e = E®) - (E)
E(X) = f X+ f(x) - dx IR T
—fsx-@-dx(l) E(X2)=f x< - 125
- 5 1225 6 3 . 5 . .
_J.S‘Ox—_x.dx _f30x_x.dx
B 125 5 N 125
1 3 _E 4 1 5
=E-[10x > X ] =i[5x4—§x5]
3 3(54)] 12514
125 [10( ) 2 6 E 54)_l(55)]_
-2 =125135" 3
=7.5(1)
(e) Y =2X+5(1) Var(X) = 7.5 — 2.52
5
My =2px +5 =5 (1)
= 2(2.5) + 2 &
=2
=5 (1)



Proble

m Set 11 — Continuous Random Variables
Repetitive Questions

Concept 1

Continuous Random Variables — Repetitive Questions Answers

Continuous Random Variables: Questions

1.11
(a) Discrete (1) (f) Discrete (1) [9 marks]
(b) Continuous (1) (g) Continuous (1)
(c) Continuous (1) (h) Continuous (1)
(d) Discrete (1) (i) Discrete (1)
(e) Continuous (1)
1.21 [12 marks]
(@ E(x) = 11-20+2-40+8-60+9-80+ 4 -100 (b) PX>14)=P(10< X< 15)-§+P(X>15)(1)
B 11+2+8+9+4 _ 1.1 1+4+3
= 9_50 24 5 24
17 =211)
=55.88(1) 17 120 21
P(X < 20) = T 0.71,P(X < 25) = A= 0.88
Var(X) = E(x?) — [E(X)]? Y _—
E(X?) ~20< k <25(1)
. 2 . 2 . 2 . 2 . 2
:11 204+2-40+8-60°+9-80°+4-100 P(X <20)+ P20 <X <k) =08
11+2+8+9+4 P(20 < X < k) = 0.09 (1)
67000
=——(1) k=20 4 _
67000  (950)2 Y
~Var(X) = - (=) =818.3(1 5 24
® =27~ (3) (1) ke =2.70 (1)

4-60+5-70+7-80+11-90+4-100

(c) =
EO 44+5+7+11+4
=81.94 (1)
Var(X) = E(X?) — [E(X)]?
602 702 .02 .902 . 2
E(XZ) — 4-60+5-70°+7-80“+11-90+4-100 (1)

4+5+7+11+4

= 6865
~ Var(X) = 6865 — 81.942 = 150.4
« a(X) = V150.4 = 12.26(1)
P(E(X) — 6 <X <E(X) + 0) = P(69.68 < X < 94.20)

= P(69.68 < X < 70)+P(70 < X < 80) + P(80 < X < 90) + P(90 < X <

94.20) (1)

7 | 11 | 94.20-90
31 ' 31 10
~ 0.6400(1)

0

__70-69.68 5

4
10 31 H (1)



[2 marks]

1 0forx<5
(a) f(x) — E fOT 5<x<15 (1) (b) X 1
0 otherwise F(x)=if _b—adt for 5<x <15
5
1 forx =15
0forx<5
x—5
={ c for5<x<15 (1)
1 forx =15
[6 marks]
(@) S -4=1 b)  E®=5=5=2)
=15 _ _ _
b= 19(1) Var(X) = = =—(1)
o = JVar(x) = 11—522 =57\/§(1)
(c) 1 :i( ) (d) P(X<w) = P(X<—)

2 15 )

‘- £ ()

2 1115

w :%(1) =35 (1)

[7 marks]
(a) b
F(x) = [ §x2 dx (1) (b) ;

1.1 ==3%-2)(1
:[§X§x3]0 _%;(1 )( )
=ik3—0 _E( )

27
=1

k=3(1)
(c)
= (1)
= (1)
1
=—(3°-25%
:% (1) [8 marks]
=5 (1) P(3sxse)=f dx
3
=[1%
_ 3629 (1)
81
-1
St



(c) 81 —49
P(49<X<81) = 2

1
=3 (1)

1
1
=3l 165525 (1)

(a) X
F) = [, f(t)dt
= [ dt

= (1)

0 if x<2
-2
F(x) = x4 if2<x<6

1 otherwise (1)

(c)

F(x)=f f(t)dt
0
Jy et dt

(1)

0 if x<0
F(x) = {e"— 1if0<x<In(2)(1)
1 otherwise

(d)

P(OSXS%>= ( )dx
= 162 (2)
= 5(0.125) — 4(0.125)> - 0
= 0.5625 (1)

[28 marks]

B per = fxf(t) dt
0

= [, tdt

= (1)

0 if x<0
1
F(x)={zx2 if0<x<2

1 otherwise (1)

k(9—-3)=1
(1)

F(x) = [ f(at
= [, -dt (1)

0 if x<3
F(x)={x—;3 if3<x<9(1)

1 otherwise



(e) (f)

= [gx2 + 2x]3
k k
=507 +205) -5 @ -2(2)

=E(25—4)+2(5—2)
=ﬂ+6
(1)
F(x) —j (——t + 2)dt

—3 4 205 (1)

_ 5% 52%) _

= 221+2x+ 1 2(2)
5x 64

= + 2 Z(l)

0 if x<2
F(x)={‘5"2 x—2 if2<x<5(1)
21 21

1 otherwise

_ k 2tln(n)
k 2t13
2In (n) (™12

— ( 2(3) _
) ln(n)

2(2))

Zln (m)
)

F( ) — Zln(n)fx tht
— 21n (n) fx Ztln(n)dt

I ey

iy —
= o 715

(1)
0
F(x) = {n Xt

if x<2
1 otherwise

if2<x<3(1)

h = d
(®) F(x)—f o () Feo= [ o
- W ] .
mt? x
— (1) = [_ + ct]g (1)2
=1 = ﬂ +cb — % —ca
(1) = —m(xz_a +c(x —a)
x, 1
F() = [ dt _mEmaGa) | cma) (1)
— -t x 2 m(x+a +2c
= lpla = (x— @) (D) (g
=51
(i) F(x) = fxc(k“)dt
= (1)
= ﬁ(m[ “1i ()
Aln(k)( xl kal) (1)
[8 marks]
(a) E[X] = f:%(l +x + x3)dx = 3.08 (2) (b) E[X] = fz 38"( —2)2dx = 0.5 (2)

= [ (*x = 21 3 _
o= Jfo (x —3.08)> —(1 +x + x3)dx = 0.784 (2)
Var[X] = 6% = 0.615

G = Jfo (x — 0.5)2§(x — 2)2dx = 0.387 (1)
Var[X] = 6% = 0.15 (1)



(a) E[X] = ffxf(x)dx = f:gdx +f68§dx = %5

(2)

4x2 8x2
o= E[X]—E[X]2=>E[X2]=f —dx+f X dx
3 3 6 3

2
=37 =>¢= 37—(%) =172
Var[X] = 6% = 2.97

(2)

1
f k-x(2—x) dx=1

ke [1(2x —x?)-dx =1(1)
1

1
k-[x2—§x3] =1

k-<12—%(213))— =1

(© Var(X) = E(X?) — (E(0)”

E(X?) = [ x? 2x(2 = x) - dx (1)
1
=f ;(2x3—x4)-dx

3 11 1 1t
— _.l=Z,4 __,5
=3 [zx sx]
311 1
. 2\ 5 _
_2[2(1) 5(1 )]
= 0.45 (1)
Var(X) = 0.45 — 0.6252
19

T 320
Vi /95

=i = 20 W)

(a) X for0<x<1
—x+2 forl<x<2
0 otherwise

(1)

(b)

[8 marks]
(b) E[X] = [J 2 (8 - x?)dx = 1.05 (2)

o= \/fOS(x - 1.05)21—15(8 —x2)dx =
0.676 (2)
Var[X] = 6% = 0.458

[9 marks]
(b) E(X)=f1x-§x(2—x)-dx(1)

1

3
=J E(sz—x3)-dx

3 12 1,1t
_2.14.3_2 4
273" 4x]

3

143 _2 40| _
_[1 8(1 )]

= 0.625(1)

(d) My = Spx +1
= 5(0.625) + 1

=4.125(1)

=5
Ve
== (1)

[11 marks]
= [17f(0) - dx

18
=f x-dx+f (—x+2)-dx (1)
1
1 1 18
_[1.2 _21,2
_[zx] +[ 2" +2x]1
= +0.48

= (1)



(c) (d)

E(X) = foox-f(x)-dx

2
=fx2-dxf (—x%+2x)-dx (1)
1

1 1 4
) = [ZX4] +[——x4+—x3

1 1
= —x3] +[——x3+x2]
1

3 3
12
=1(1) -
(e) fy = 24ty +7 Var(X) =
=2(1)+7
=9 (1) —
=2
O-X =

= (1)

Var(Y) = 22Var(X)
=+(%)
-~ \6
_8% ()
3

(a) k(b—a)=1
1

b—a (1)

[oe]

E(X) =f xf (x)dx

b1
E(X)=f x(b_a)dx

b

zbia_[ xdx (1)
1 a

DL
bZ_aZ
~2(b-a)

_(b+a)b-a)

~ 2(b-a)
_b+a
o2

(1)

(1)

Var(X) = EX?) — (E(X))”

EX®) =/ x3-dx+ flz(—x?’ + (2x)?%) - dx

I

[10 marks]



(b) Var(x) = [ fF)(EX) —x)?dx

- Lb(bic) (b;a_x)de (1)

b
—f (x*—(b+a)x+ (m)z)dx

:bl [x: (b+a)x ( 2 )Zx]

1 b® (b+a a b+a b+a
-G (3 Jo+ 5 - 5 () "
1 b (b;a>b2 b+a)2b__ b a) 2 b+a)2a)
_ 1 bp-ad® (a 2)(b+a) L (et b)z(b—a)
_b—a( 3 + 2 )

m[4(b3—a3)—6(a - 2)(b+a)+3(a+b) (b —a)] ()

= T30 —a 40" a9 60 )b + ) +3(a+b)(b ~ a)]

(1)

= 120-a) [4(b2 +a?+ba)(b—a) — 3(a + b)z(b —a)]

1—12 [4(b* + a* + ba) — 3(a + b)?] (1)

1
= E(‘Lbz + 4a® + 4ba — 3a* — 6ab — 3b*]1)
1
= E(b2 + a? — 2ab)

_(b-a)?
12







Problem Set 12 — Normal Distribution
Progressive Questions

Concept 1
Normal Distribution — Progressive Questions Answers

Normal distributions: Questions

[4 marks]
1.
(a) g = 260250 (b) , _ 150 — 200
5 =7 10
_ 10
Z=2 () Z=5 (1)
(c) 7 97 —90 (d) P 95 —-100
72 V9
[4 marks]
2. The probability for X~N (144, 122) is given by the following diagram, where a is the

shaded area under the curve:

Each interval is one standard deviation. The solutions to this question use symmetry from the diagram

above, and the fact that ffooo f(x)dx = 1 for a probability density function to estimate the probabilities.

P(x <180) =1 — P(x > 180)
P(x<180)=1-a (1)

A

144 156 168 180

v



(b)

P(144 < x < 180) = 1 — 0.5 — P(x > 180)
P(144<x<180)=0.5—a (1)

P(x >108) =1 — P(x > 180)
P(x>108)=1—a (1)

(d)

P(108 <x <180)=1-2x P(x > 180)
P(108 <x<180)=1-2a (1)

[4 marks]
3.
(a) P(x < k) = 0.95 (b) P(x < k) = 0.30
invNormCDF(“L",0.95,2,100) invNormCDF(“L",0.30,2,100)
= k = 103.290 (1) = k =98.951 (1)
C
D@ pa<m=021 (o P(x < k) = 0.78
invNormCDF(“L",0.21,2,100) invNormCDF(“L",0.78,2,100)
= k = 98.387 (1) = k=101.544 (1)
[10 marks]
4.
_0.74—0.89 95-0.
(a) 7 =222 (b) z=""222)
Z=-2.5(1) Z =0.25(1)
_0.66—0.75 _0.66—0.75
(c) z==—"-=(1) (c) Z==—=—1)

Z=-1.125 2 Z=-1.125(1)



(a)

(c)

(e)

(a) invNormCDf(“L”,0.935,1,0) = 1.514 = k = 1.514 (2)

normCDf(—o0, 1,0,1)
=0.8413 (1)

normCDf(—o0,425,415,5)
=0.9772 (1)

normCDf(—0.5,0.5,0,0.5)
=0.6827 (1)

(b)

(d)

(f)

(b) invNormCDf(“R”,0.7,50,940) = 913.780 = k = 913.780 (2)

(c) NormCDf(—o,46,2,50) = 0.0228 => 0.0228 + 0.874 = 0.8968
invNormCDf("L",0.8968,2,50) = 52.527 = k = 52.527 (2)

(d) NormCDf(916,,8,912) = 0.3085 = 0.3085 + 0.688 = 0.9965
invNormCDf("R",0.9965,8,912) = 890.425 = k = 890.425 (2)

(e) invNormCDf(“L”,0.987,5,5) = 16.131 = k = 16.131(2)
(f) invNormCDf(“R”,0.425,0.1,0.5) = 0.519 = k = 0.519 (2)

(g) NormCDf(410,0,69,420) = 0.5576 = 0.5576 + 0.210 = 0.7676

invNormCDf(R, 0.7676,69,420) = 369.563 = k = 369.563 (2)

(h) NormCDf(—o0, —4,1,—2) = 0.0228 => 0.0228 + 0.665 = 0.6878
invNormCDf("L",0.6878,1,-2) = —1.510 = k = —1.510 (2)

(a) 66.8% (2)
(b) 83.85% (2)

(c) 2.5% (2)

[6 marks]

normCDf(—o0, —1,0,2)
= 0.3085 (1)

normCDf(212, o, 212,4)
=0.5(1)

normCDf(12.5,17.5,2.5,17.5)

=0.4772 (1)

[16 marks]

[10 marks]



1.
(a) Yes, itis correct (1).
mean (1).
(1).
Potatoes are a
2.
(a) P(Z <z)=0.20=20%
z=-—0.8416
gz =1"H
g
og="F
z
_ 250-255
% = Tosate

Concept 2

Normal Distribution — Progressive Questions Answers

[10 marks]

, meaning 68% fall within 1 standard deviation of the

(b) The accusation is incorrect (1). the mean is 25 (1)

(c) Mole’s advertisement is false (1), there are still a large number of bags with less than 25 potatoes

(d) 1.4 x 2.2 = 3.08 Find Raw score equivalent (1)

=5.94mg

Upper/Lower bound = 28 + 4

(1)

, there are

u=255mg

(1)

(2)

, therefore we have to round. 3 would be

within the 2.2 standard deviations so we must round outwards to 4.
Using calculator P(24 < X < 32) = 0.0725

[6 marks]

(b) Even though the average amount of sodium filled per packet is 255 mg, variations in manufacturing result in
the actual amount of sodium falling below 250 mg in 20% of the packets of electrolyte. This is variation is
quantified by the standard deviation of 5.94 mg found previously in part (a). (2)

(c) Increase the mean amount of sodium filled into electrolyte packets. As the packets contain more sodium, the
proportion of packets which randomly fall below 250 mg are reduced. This will reduce the probability of any

3

given packet having insufficient Sodium for the athlete.

(1)

Decrease the standard deviation for the sodium content (weight in mg) in the electrolyte packets. This will
decrease the proportion of packets below 250 mg by reducing the variability, and therefore reduce the

probability of any given packet having insufficient Sodium for the athlete. (1)
[6 marks]
(a) P(Z < z) = 0.025 = 2.5% (b) P(Z<z)=p
z=-1.960 z="F x= [ =265 mg
z=—%(1) o=
U Zo, X o ;=
1 z=-3(1)

P(Z < —3.00) = p = 0.0013 = 0.13% (1)



u= —(=1.960)(6.00)
u=250+11.76 = 261.76 mg (1)

(c) Choose the ‘Fruity Fury’ electrolyte powder. (1)

Comparing the new electrolyte packets for the probability that an individual random packet has a sodium
content with less than 250 mg:

e ‘Fruity Fury’ has a 0.13% probability.

o ‘Apple Annihilation’ has a 2.5% probability.
If the athlete needs a minimum of 250 mg to prevent muscle cramps, then ‘Fruity Fury’ has the lowest
probability of a random packet having a sodium content below 250 mg. (1)



Problem Set 12 — Normal Distribution
Repetitive Questions

Concept 1
Normal Distribution — Repetitive Questions Answers

Title: Questions

1.11 [7 marks]
(a) (i) P ; 12_, (1) (i) z=""= 111 (1)
44 — 38 . 5—-8
(III) 7 = =1.71 (1) (IV) = =7 (1)
3.5 z 1.2 =
(v) 120 s (1)
2
(b) The standardised score (Z) shows how many standard deviations above or below the mean the raw score is.
If Z is negative, the raw score is below the mean. (1)
If Z is positive, the raw score is above the mean. (1)
1.21 [17 marks]
(a) P(X<0) (1) (b) P(X<3) (1)
~ 0.5 (1) =P(XS?)
=PX<1
1
(c) P(X =z 5) (1) =P(X<0)+-P(-1<X<1) (1)
_ 5-0 1
=P(X =) = 0.5+ (0.68)
=Pr=1) ~0.84 (1)
—1- (P(X 20)+5P(-1<X< 1)) (1)
1 P(X = 66) (1)
=1—(0.5—— 0.68) (d) = 00) |
2 ( ) —P(X > 66 70)
~0.16 (1) 4
=PX=-1)
1
(e) P(48 < X < 54) (1) =P(XZO)+EP(—1 <X<1 (1)
48-50 54-50 1
=P(——<X<—7) =0.5+§(0.68)
=P(—1SlXSZ) ~0.84 (1)
=P(-2<X< 2)—5(P(—2 <X<2)-
P(-1<X<1) (1) (f) P(8§)0 1S00X < 1001)00(11)00
1 = p(—— —
= 0.95 — = (0.95 — 0.68) P —sX=—7F)
- 02815 1 =P(-2<X<0)
o (1) =P(-2<X<2) - P(-1<X<1)-

%(p(—z <X<2)-P(-1<X<1) (1)

1 1
= 0.95 — - (0.68) — - (0.95 — 0.68)
~0.475 (1)



(a) P(4 <X <10) (1)
=P(E<X<9)
=P(-2<X<1)

=P(-2<X<2)—;P(-1<X<1) (1)

=0.95 —%(0.68)
~ (1)

() P(58 < X <70) (1)
- p( ; SXS7O;64)
=P(-1<X<1)(1)
~ (1)

(e) P(33<X<37) (1)
=p 33;25 <Xx< 37;25)
=P(2<X<3)

= P(-3SX<3)-;P(-2<X<2) (1)

—10997 1095
—5(- )_5(' )
~ (1)

(a) The 0.5 quantile is the mean, which is 8 (1)

(c) 0975 = 0.5+ 0.475,and 95% = 2 = 0.475
~ 2 standard deviations above the mean
~ 0.975 quantile = 8 (2)

(e) 0.025 = 0.5 —0.475,and 95% <+ 2 = 0.475
-~ 2 standard deviations below the mean
~ 0.025 quantile = 70 (2)

(a) 68% of data lies within 1 standard deviation of
the mean, .. k is 1 standard deviation below the
mean, so k = 8 (2)

(c) 4 is 2 standard deviations below the mean,
hencethe P(4 < x < 8) =0.95+ 2 = 0.475.
~P(B<x<k)=0.815-0.475 = 0.34.
Therefore, k is 1 standard deviation above the
mean, which means k = 6 (2)

(e) 29 is 3 standard deviations above the mean,
hence the P(20 < x < 29) = 0.99.7 + 2 = 0.4985.
~ Pk <x<20)=0.9735—0.4985 = 0.475.
Therefore, k is 2 standard deviations below the
mean, which means k = 14 (2)

[18 marks]

(b) P(36 <X < 68) (1)

36—52 68—52
=P(—— <X <)

=P(-2<X<2)(1)
~0.95 (1)

(d) P(27 <X <33) (1)
—p 27;36 < X < 33-36
=P(-3<X<-1)

=3P(-3<X<3) - P(-1<X<1D) (1)

)

—10997 1()68
_E( : )_E( .68)

~ (1)
(f) P(62<X<71) (1)
62—-80 71-80

=P <Xx <)
=P(-2<X<-1)
=§P(—2 SXSZ)—%P(—lSXS 1) (1)

—1095 1068
_E(' )—5(- )
~ (1)

[9 marks]

(b) 0.84 = 0.5+ 0.34,and 68% ~ 2 = 0.34
~ 1 standard deviation above the mean
~ 0.84 quantile = 1 (2)

(d) 0.16 = 0.5 —0.34,and 68% + 2 = 0.34
~ 1 standard deviation below the mean
~ 0.16 quantile = 22 (2)

[12 marks]

(b) 0.68 2 = 0.34,and 0.5 — 0.34 = 0.16.
Hence, k is 1 standard deviation below the mean,
sok = —1 (2)

(d) 0.975 - 0.5 = 0.475,and 0.95 + 2 = 0.475.
Hence, k is 2 standard deviations below the
mean,sok = 7 (2)

(f) 95% of data lies within 2 standard deviations of
the mean, .. k is 2 standard deviations above the
mean, so k = 2 (2)



(a)

(c)

(e)

(a)

(b)

(c)

(d)

(e)

(f)

[6 marks]

invNormCDF(“L”,0.1,6,30) (b) invNormCDF(“R”,0.2,5,1)

k =2231 (1) k =5.84 (1)
invNormCDF(“C”,0.4,8,20) (d) invNormCDF(“L”,0.85,2.3,17)

k =24.20and n = 15.80 (1) k = 19.38 (1)
InvNormCDF(“L”,0.23,8,153)
k = 156.74. (1)
InvNormCDF(“R”,0.32,8,153)

n = 147.09 (1)

[16 marks]
Normally distributed. (1)

Large number of observations (n > 30) in a large school. (1)

Normally distributed. (1)
Large number of observations (n > 30). (1)
The IQ is also defined as a normal distribution with a mean score of 100.

Normally distributed. (1)
Large number of observations (n > 30). (1)
For large groups, test and exam results are typically bell-shaped.

Not normally distributed. (1)

With 10 players on the court, n < 30 and thus there are not enough observations to produce a normal
distribution. (1)

The heights of basketball players might also be skewed towards the right, indicating taller measurements.

Not normally distributed. (1)
The occurrence of digits in 7 is approximately uniformly distributed. (1)

Not normally distributed. (1)

Whilen > 30, (1)

the distribution of students should be symmetrical about the mean of 60 seconds. Since more than half of
them took longer than the average, then the distribution is asymmetrical. (1)

Not normally distributed. (1)
While the distribution of students about the mean is symmetrical, (1)
there is an insufficient number of observations, with n < 30 (1)



Concept 2
Challenging Normal Distributions — Repetitive Questions Answers

Title: Challenging Normal Distributions

2.11
[9 marks]
(a) 12,000/ 480,000 = 0.025=2.5% (1)
(b) P(Z < z)=0.025 = 2.5%
z=—1.960 (1)
z=2"FK
- g
a=x‘z“ x=375mL pu=376.96mL
_ 3753769 _ 4 00 mL (1)
-1.96
(c) Decrease the standard deviation for the volume of soft drink in the cans. (1)
Increase the average amount of soft drink filled into the cans. (1)
(d) P(Z < z) =0.005=0.5%
z=-3290 (1)
z =2k
g
Z0=Xx—U
U=Xx—2zo x=375mL o0 =1.00mL
u=375—-(—3.290)(1.00)
uw=375+3.290 = 378.29 mL (1)
(e) P(Z<2z)=0.01=1%
z=-2326 (1)
z =2k
g
a="‘z“ x=375mL p=376.96mL
= 375-3769 _ 0.8426 mL (1)
-2.326
2.21
[6 marks]
(a) Let W = weight
Since P(W < 0.51 x 120) = P(W < 61.2) = i =0.025 > Z=-196 = -196 =222 — 5 =30

Therefore, W~N(120, 30?) (2)

(b) R =revenue and S = sales = 252 W~N(120,5%)

S~N(u 22)
Since E[R] = $176 = pu = % =8
Therefore, S~N(8, 22) (2)



(c)

(a)

(b)

(c)

80-120 _

P(W < 80) =7 = =

—§=>P(z< —g) = 0.098
y:

and,P(R < 132) =P(S<6) = Z=——=~1=P(Z< ~1) = 0.1587
Hence, P(W < 80) and P(R < 132) = 0.098 x 0.1587 = 0.0156 = 1.56%  (2)

P(Z <2z)=0.122=12.2%

z=—-1.165
z=""F
U=x—2Zzo, X = o=
p=25-(-1.165)(3)
u=25+3495=2850g
P(Z<z)=p
zZ = _”, X = u=27g o=
_25-27
z=-1

P(Z < —-1)=p = 0.1587 = 15.87%

P(Z<z)=001=1%

z=-2.326

P

Zo=x—H

U=x—z X = o=
p=20-(-2.326)(2)
u=20+4652=24.65g

[6 marks]

(1)

(1)

(1)

(1)

(1)

(1)






Problem Set 13 — Sample Proportions
Progressive Questions

Concept 1
Sample Proportions — Progressive Questions Answers

Sample Proportions: Q1, Q2, Q3, Q4, Q5, Q6, Q7, Q8

1.

(a) Population. All the citizens would
have been living in Australia, so the
entire group is inclusive to what
we’re interested in knowing. (1)

(b) Sample. He is only interviewing
athletes from his school and not
other schools, his local sports arena
etc. (1)

(e) The value for a population
parameter is constant whereas a
sample statistic varies. (1)

(a) By only interviewing members of a symphony, Rupert is
being biased to those who perform at events and are
also part of a group instead of those who can perform
solo, play for leisure, play for examinations instead of
concerts etc... (1)

He can narrow down his research question to those
performing in concerts and interview different groups
of symphonies (even community ones) in the city etc..
(Any suitable idea gets a mark) (1)

(c) Although sampling is random, only those who are

interested in the study will be investigated, the amount of

[5 marks]
(c) Population. Fraser has asked every
member of the athletics team. (1)
(d) WACE students and teachers. (1)
[6 marks]

(b) Although he might get a variety of people
shopping at the supermarket, a lot of people
will be working during that time and day so
sample size will be too small. (1)

He can advertise the survey in a variety of
places around the city (shops, offices, schools)
etc to collect more opinions with the entire
population etc.. (1)

koalas kept in zoos will have a much greater chance of being

in the sample than a wild koala for instance. (1)

He can ask for random samples in zoos, (if possible)
investigate natural habitats, laboratories, wildlife
protection centres/rescue areas etc... (1)



[6 marks]

(a) Total Marked
Total Population

Total Population = Total Marked ( ) (1)

()

= 100 red pandas (1)

(b) It was assumed that the tagged red pandas mixed evenly with the rest of the population (1)
and that no red pandas left the reserve or lost their tags (1).

(Other things such as assuming each individual panda had an equal chance of being spotted
are counted, but still with a total of 2 marks).

(c) Total Marked
Total Population
Total Population = Total Marked ( ) (1)
=(25-10) (—)
= 60 red pandas (1)
[8 marks]
(a) Convenience sampling. Sample is not random. (2) (b) Stratified sampling. Sample is random. (2)

(c) Systematic random sampling. Sample is random. (2) (d) Simple random sampling. Sample is random. (2)

[7 marks]
(a) Probability of a student voting for = 1—§ = (1)
(b) _ sample size
~ population size
Expected votes for = % X 150 = (1)
Expected votes for Summer = % X 150 = 22.5 = 23 (rounded) (1)
Expected votes for = % X 150 = 52.5 = 53(rounded) (1)
Expected votes for Maria = 4—80 X 150 = 30 (1)
- . _ Probability (Event A and Event B happen)
(c) Probability (Event A happens, given Event B happens) = Probability (Event B happens)
Event A is a student voted for Maria. Event B is a student doesn’t vote for
P(a student voted for , given they did not vote for Peter) = F (voting for Maria a.nd not voting for Peter) (1)
P (not voting for Peter)

8 12

=2/ A=20)
8 28
2w/ %

2
=7 (1)



[9 marks]
_ 16 _

(a) P( ) = ==="()
(b) Distribution would be Bernoulli since the person either votes for Peter or they don’t: (1)
2
P=5

x~B () (1)

(c) Each sample follows a Binomial distribution:
n=40andp=§ (1)

Y~B (40,%) (1)

(d) The central limit theorem states that as the sample size gets larger, the distribution of p will approach
a normal distribution. This can be used to say that for any sample
size (1). This sample size is above 30, so it is reasonable to use the normal distribution to model
the sample population proportion (1).

A sample size of 15 is smaller than 30 (1), so it is too small for p is be approximated with a normal
distribution (1).

[11 marks]
@p=PE <N =mtotitato=2=2 )
P=g ()
(b)ﬂ=ianda=JE= 0.0705 (2)
12 50
() p~N (%, 0.0705%) (1)

This is the approximate distribution of p since the sample size is larger than 30, and the
states that p’s distribution will approach a normal distribution as the sample size gets larger (1).

(a) u= g, o = 0.0705, lower bound is 0. 6 and upper bound is oo (1)

P(0.6 < p) = 0.1248 (1)
56

(b) p=2>=0.56 (1)
p=0.56and 0> = “20250 = 9,0025 (1)
30<n

-~ p~N(0.56,0.0025) (1)



Concept 2

Sample Proportions — Progressive Questions Answers

Confidence Intervals and Margins of Error: Q1, Q2, Q3, Q4, Q5, Q6, Q7, Q8, Q9

[15 marks]
1.
(a) . (b)
p=,0 p=x< (1)
The distribution of D is a with The distribution of 7 is a with
1
Mean =p = =0.25 (1) Mean = p = = = 0.1667 (1)
f0.25(1—o.25) _
= [ = (1) _ /0.1667(;90.1667) — 0.04193 (1)
(c) (d)
89
p 150() p_m(l)
The distribution of D is a with The distribution of » is a with
1
Mean = p = == = 0.5933 (1) Mean = 75=0.1 (1)
_ [oaa-01)
0.5933(1-0.5933) =" e - (1)
= [ (1)
150
(e)
19
p=5 (1)
The distribution of D is a with
Mean = — = 0.7037 (1)
27
0.7037(1-0.7037
= [T M
[10 marks]
2.
(a) 7 = 1.645 for a 90% confidence interval (b) Z = 2.576 for a 99% confidence interval
17
70 _ h =— (1)
~ 200 (1) 60
A A A 1 _ A
E—7 p(1—-p) E:gu
= - "
0.35(1 — 0.35) ’g(l_g)
: — Y. 60 60
=1.645 [—— =2.576 |————
200 60
= 0.0555 (1) =0.1499 (1)



(c) Z = 1.96 for a 95% confidence interval

= 0.0820 (1)

(e) Z = 1.812 for a 93% confidence interval

=1812 |[——F—
200

= 0.0403 (1)

3.

(a) Z = 1.645 for 90% confidence

160
=10 = 5 (1)

(1-5)
180
= 0.0385 (1)

=1.645

[8 0.0385,2 4+ 0 0385]
9 g
[0.8504,0.9274] (1)

(d) Z = 1.514 for a 87% confidence interval
. 70

0.35(1 — 0.35)
200

=0.0511 (1)

= 1514

[15 marks]

(b)  Z =2.576 for 99% confidence
90

= 505 = 045 (1)

T 200

(1 — 5
goy [PA—P)
n
(1-045)
=2.576 550
=0.0906 (1)

[0.45 — 0.0906 , 0.45 + 0.0906 ]
[0.3594,0.5406] (1)



(c) Z = 1.96 for 95% confidence (d)  Z =1.751 for 92% confidence
21

T 70 (1) - g - (1)
p(1—p) S
E=7Z — E_z p(1—p)
n
_ 0.31-0.3) _
=1.96 70 = 1.751J (164 )
=0.1074 (1)
=0.0948 (1)

[0.3 —0.1074,0.3 + 0.1074]
[0.1926,0.4074] (1) [0.25 — 0.0948 ,0.25 + 0.0948 |
[0.1552,0.3448] (1)

(e) Z =1.440 for 85% confidence
=-——(1)

—
Eez p(1—p)
n
I G
) 180
= 0.0481 (1)

5 5
——0. —+ 0.0481
[18 00481,18 + ]

[0.2297,0.3259] (1)

[12 marks]
4.
(@)  Z = 2.576 for 99% confidence (b)  Z = 1.645 for 90% confidence
160 250
=Te0 = o (1) =30 =2 1)
R A p(1 —p)z?
1— =
E=g7 p( _ D) n £2
(1— )(1.64—5)2
_ P —p)Z? =000z W
=" =2053.03
3 (1— )(2.576)2 )
- 0.0 ~a sample size of 2054 is required (1)
= 6553.8

~a sample size of 6554 is required (1)



(c)

(a)

= 1.96 for 95% confidence
16
== (1)

_p(1-p)z?
"SR
(1-025)(196 )2

= (1)

0.0152
=5529.8

~.a sample size of 5530 is required (1)

(a)

(d) Z = 1 for 68.27% confidence

50
=150 = 15 (1)

_p-p)z?
"R
(110)

0.042

= 125.4

(1)

~.a sample size of 126 is required (1)

[4 marks]
1 —
oz PO—P)
n
Z
== [ _2
n p—p
ZZ
==@-p» ()
dE* _ 7?2 _
= 1-2p)=0(1)
1-2p=0
p=0.5 (1)
~ p = 0.5 maximizes E“, and thus E since 0 < E (1)
[6 marks]
E= 0.9542;0.7453 (1) (b) E = 0.9810—20.2672 (1)
=0.1045 (1) =0.3569 (1)
E— 0.9165—20.3593 (1)
=0.2786 (1)
[7 marks]
7 = 1. 645 for 90% confidence (b)  Z =1.645 for 90% confidence
_ (1) _ 0.369-;0.409 ~ 0.389 (1)
| 040970369 _ g ) 1)
p(1—-p)
E=7|——— R R
n _p(A-p)
p(1 —p)z* (E2)?
n= T _ (- )(1.645)? (1)
(1-0.256)(1.645)2 0.02*
- 0.052 (1) =1607.9
= 206.2

~a sample size of 207 is required (1)

~a sample size of 1608 is required (1)



[12 marks]

@) P=2%=06) ® S & )
- _
7= 45
= 0.0053 (%)

~since 30 < n, by the central limit theorem,
p~(0.6,0.0053) (1)

(c) = .02 =0.0053, lower bound of —c (d) ForsomelX,lety=0ando =1
and upper bound of 0.46 (1) P(-Z<X<7Z)=09
P(p < 0.46) = 0.7757 (1) Z =1.645

(e)  Z =1.645 for 90% confidence (f) Their sampling is random (1) and by the central limit

(1) theorem, since they have a sample size larger than
30, they can approximate the distribution of the
population proportion as a normal distribution (1).
ez p(1—p) So, the students results are valid (1).

=1.645
45

= 0.1201 (1)

[0.6 — 0.1201,0.6 + 0.1201]
[0.4799,0.7201] (1)

[14 marks]
(@) Binomially distributed (1) (b) Binomially distributed (1)
p=205
16
n=12 (1) ~ o=
The sample size is less than 30, so it would not n =29 (1)

be appropriate to estimate this distribution as

normal (1). The sample size is less than 30, so it would not

be appropriate to estimate this distribution as
normal (1).



(c) Binomially distributed (1)

32
7105

n =105 (1)

The sample size is much larger than 30, so by
the central limit theorem, it is appropriate to
approximate this distribution as a normal
distribution (1).

32 32
52 — 105 108
105

=0.0020 (1)

(d) Binomially distributed (1)

127
T 300

n =300 (1)

The sample size is much larger than 30, so by
the central limit theorem, it is appropriate to
approximate this distribution as a normal
distribution (1).

127 127
» 300 — 300
300

=0.0013 (1)



Sample Proportions: Qs 1.11, 1.21, 1.31, 1.41, 1.51, 1.61

1.11

1.21

Problem Set 13 — Sample Proportions
Repetitive Questions

Concept 1

Sample Proportions — Repetitive Questions Answers

(a) Sample (1). Itis a portion of the population,
which is everyone in the school (1).

(c) A census considers an entire population, in
this case Western Australian residents (1).
The percentage would then be a population
parameter (1).

(a) A select number of students, particularly only those

()

who sign up would be considered which isn’t a good
measure of the entire class. (1)

Ms Bose could make this a compulsory activity to
practice the class’s typing skills, or provide an
incentive for signing up to introduce more
participants. (1)

There might be a lot of people walking out of the
train station, but limited to workers, university
students etc. and not very many school
students. The sample might be too small. (1)
They could recruit others to survey until the
evening for example or advertise a survey in an
obvious spot in the train station to gather more
opinions from the population. (1)

[7 marks]

(b) The population would be all the students

that are in year 11 at his school (1).

(d) The first 30 students to arrive is a sample of

everyone who joined the carnival (1). The
ratio is therefore a sample statistic (1).

[6 marks]

(b) Benjamin is only focusing on athletes, and disregards

other members of the population such as children,
the elderly, nonathletes etc. Only visiting a nearby
secondary school would further narrow the
population. (1)

Benjamin could find other areas to survey people, for
example in the swimming pool itself, and find a time
where a lot of members would be present, such as on
weekends. (1)



(a) Systematic random sampling. (1)

(c) Volunteer sampling. (1)

(a) Total Marked
Total Population

Total Population = Total Marked (

()

[3 marks]

(b) Stratified sampling. (1)

[6 marks]

)@

= 40 turtles (1)

(b) It was assumed that the marked turtles mixed evenly with the rest of the population (1) and

that

(1).

(Other things such as assuming each individual turtle had an equal chance of being spotted

are counted, but still with a total of 2 marks).

(c) Total Marked
Total Population
Total Population = Total Marked ( ) (1)
=@0—$(—)
= (1)
[10 marks]
(a) Blue: 0.5-500 = 250 (5) (b) Blue: p =22 = 0.494 (3)
Green: 0.2-500 =100 (%) Green: p = % = 0.202 (%)
Red: 0.18-500 = 90 () Rw:ﬁ=§%=aw4e)
1 .5 55 1
Yellow: 0.12-500 = 60 (E) Yellow: p = Y00 = 0.11 (2)

(c) The distribution would be binomial (1)
= andp=0.2 (1)
X~B(500,0.2)

(e) It would appropriate to approximate the
distribution of the number of spins that land on
green as a normal distribution (1) since

, and the central limit
theorem states that the

for it to be approximated that way (1).

(d)

The Number of spins is much larger than 30 (1), so a
normal distribution will be an accurate
approximation of the number of spins according to
the central limit theorem (1).



1.61
(@ P=PT<X) .
1 2 3 4 5 (b) P=55" =0.39 (1)
~36 36 36 36 36
_ 15
36
5
=, (1)
(d) The sample size is much larger than 30,
(c) H=70" =0.39 (1) so by the central limit theorem, a normal

[ distribution accurately approximates the
o= 0.39(1— 039)_00345 (1) Istribut Yy app \
200 distribution for the sample proportion
(2).
p~N(0.39,0.0345%) (1)

[11 marks]

(e) 1 =0.39,06 =0.0345, lower bound is (f) p= 100 = 0 56 (1)
0.5 and upper bound is o (1) Sample size is large, so by central limit theorem
P(0.5<p)=0.1004 (1) the distribution of p can be approximated as a

normal distribution.
=0.56

0% = w = 0.0025 (1)
100

p~N(0.56,0.0025) (1)

Concept 2
Sample Proportions — Repetitive Questions Answers

Confidence Intervals and Margins of Error: Qs 2.11, 2.21, 2.31, 2.41, 2.51 2.61, 2.71, 2.72, 2.81,

2.91,2.101, 2.111, 2.121

(a) p=--=022(1) L /% = 0.0414 (1)

2.11

(c) p==035 (1)
35 = 0.22 + a x 0.0414
a=3.14 (1)

This new probability is 3. 14 standard
deviations from the mean, so it would

be very unlikely. (1)

[5 marks]



[4 marks]

(c) = = (1) (d) = = (1)

[12 marks]
(a) (0.5 0.501-0.50) 0.50(1 — 0.50)
S\ 100 e 100
=[0.3712, 1 (2)
We can be sure that the people agreeing in the sample proportion is between 37.12% and
. (1)
(b) (0.2 0.32(1-032) . 0.32(1 — 0.32)
S\ 250 e 250
=[0.2622, 1 (2)
We can be sure that the people agreeing in the sample proportion is between 26.22% and
- (1)
(c) 5= 2L _ 4.802
P=500~ "
_{ 0 802 0.802(1 —0.802) 0.802 + 0.802(1—0.802)
S\ 500 e 500
=10.7727, 1 (2)
We can be sure that the people agreeing in the sample proportion is between77.27% and
- (1)
(d) 1420
2000
p=(1- )=10.29
_[0.29 0.29(1 - 0.29) 0.29 + 0.29(1 -0.29)
S\ 2000 e 2000
= (0.2733, ) (2)
We can be sure that the people disagreeing in the sample proportion is between 27.33%
and .(1)
= _ 5 b p=22=0.8125 [6 marks]
(a) p=m=0625 (1) ( ) p_320_ : (1)
Zooo, = 1.645 Zosy, = 1.96
0.625(1 — 0.625) _ 19g [%-8125(1 — 0.8125)
= 1.645 120 ' 320

(1) 3
(1)



_ 1500 _
(c) p=3,,=039 (1)

Zgg% = 2576

0.3947(1 — 0.3947)

= 2.576 3800

<p<0.3947 +
(1)

0.3947 —

(a) 0.9 —
0.8302 <p <0.9698

(a) Z95% =1.96
Zgg% = 2. 5758
40

51— 7
gz [PA=P)
n
0.8(1-0.8)
= 1.96 |~ (1)
(a) ng% = 1.96
p=—-=0.0428 (1)
E = 0.0428 (1-0.0428) (1)
70
E= (1)

0.9(1-0.9) 0.9(1-0.9)
/—50 <p<0.9+ T

[4 marks]

(1) (b) Yes. (1)

(1) When we the confidence
interval from 90% to 95%, we are being
that the interval

includes the (1)
[5 marks]
= 2.576 22108 _ (1)
(b) Clyse, = [0.8 — ,0.8 ]
= (1)
Clggy, = [0.8 — ,0.8 ]
= (1)
[5 marks]

(b) Johnny should improve the safety of the vehicles he produces (1), a population proportion of 3 out of 70 is
very high for safety issues that can cause severe injuries, and the small 0.0474 margin of error means the

statistic of 3 out of 70 is very accurate. (1)

@) Zo7g = (1)
p =---=0.0367
0.0367 —

0.0131 < p < 0.0603 (1)

\/@SPSO.0367+

[5 marks]

’0.0367(1—0.0367)
300 (1)

(b) The company claims that 98% of laptops will not have overheating problems, implying that a proportion of
0.02 will. This value lies within the confidence interval 0.0131 < p < 0.0603 (1) and so there is sufficient
evidence to conclude that the claim is true to a level of confidence of 97% (1).



[2 marks]

No (1). Not all 90% confidence intervals will contain the true proportion, only 90% of them will, so it is possible that
the confidence interval Evan calculated was one of the 10% that did not contain the true proportion (1).

(@) Zogy, =
p=0.23
0.23 — SEOOE) < p<0.23+
0.0789 < p < 0.3811 (1)
(b) Zogy, =
p=0.04
0.04 — /Wspso.mu
0.0020 < p < 0.0780 (1)
(€) Zozy, =
p=0.56
0.56 — /@Spﬁ0.56+
0.4467 < p < 0.6733 (1)
(d) Zgoy, =
p=0.17
0.17 — /WS;?SO.17+

0.1025 < p < 0.2375 (1)

(@) Interval Width = 0.3261 — 0.1245 = 0.0811 (1)
=291 _ .04055 (1)

(¢) Interval Width = 0.9538 — 0.5543 = 0.3995 (1)
=239 _ 01998 (1)

(a) Margin of Error = 0.04 (1)
= (1)

95% confidence interval, so

_pA-p)z®
TR

_ 0.578(1 — 0.578)(1.96)?
N 0.042

n = 585.64 (1)

to have a sufficient sample size.

n = 586 (1)

[8 marks]

0.23(1-0.23)
42

(1)

0.04(1-0.04)
112

(1)

0.56(1-0.56)
63

141

(1)

0.17(1-0.17)
79

(1)

[6 marks]

(b) Interval Width = 0.8755 — 0.2450 = 0.6305 (1)
=639 _ 3153 (1)

[8 marks]

(b) Margin of Error = 0.01 (1)
p =0.03(1)
99% confidence interval, so

- P22
=T

~0.03(1-0.03)(2.576)?
- 0.012

n=1937.01 (1)

to have a sufficient sample size.

n = 1938 (1)



a 5 =105 _
(a) p=5,,=0525 (1)
(c) Margin of error:
51— 5
po 7z [PA=P)

We know p = 0.525,Z = 1.96
and

E = 196 /w= 0.069 (1)
200

[5 marks]

(b) Fora confidence interval,
Z =1.96 (1)

(d) The 95% confidence interval is [0. 525 + 0.069] or
in other words 0.456 < p < 0.594.
of all confidence intervals constructed based on
random samples of this sample size will contain the
of customers that voted for pink
lemonade. This means we can be that
the population proportion is between 45.6% and
59.4%. (1)

Since there is

that the proportion of people that would like pink

lemonade is significantly enough above a majority,

there is little reason for Ben to decide to put pink
lemonade on his menu (1).

(The proportion of people who should like pink
lemonade before he puts pink lemonade on his menu
is subjective however, so your answer is considered
correct as long as you can back it up with reasoning).



